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INTRODUCTION. 

The extended notion of invariant developed by KLEIN and LIE has become 
one of the fundamental concepts of mathematical thought: to every group of 
transformations there corresponds a geometry, or theory of invariants, dealing 
with those properties of geometrical or analytical configurations, which are un- 
altered by the group.* Of the theories which are thus possible few have actually 
been developed, the most important, of course, beinig that based upon the total 
group of linear transformatiolns, i. e., projective geometry or the ordinary theory 
of forms. The theory of other groups also possessing anl algebraic invariant 
theory has recently received well-deserved consideration, the most prominent 
investigator being STUDY, who has applied himself to various important sub- 
groups of the general projective group. A remarkable advance in the theory of 
such groups has been made by MAURER, who has proved that algebraic forms 
possess a complete system of concomitants not merely with respect to the total 
group of linear transformations (as had been shown by HILBERT), but also with 
respect to any subgroup, i. e., with respect to any linear group.t 

The present paper is concerned with projective geometry upon a non-degenerate 
quadric surface, or, more specifically, with 

the theory of the algebraic curves upon a proper quadric surface, with 
(A) respect t those properties which are unaltered by the group of collineations 

transforming the quadric into itself. 

* KLEIN: Erlanger Programme (1872); ffMhere Geometrie (1893). 
t Oral communication to the writer by Professor HILBERT; MAURER'S paper in the 

Miinchner Sitzungsberichte was at the time inaccessible. The method employed by 
MAURER iS that developed by HILBERT: Ueber die Theorie der algebraischen Formen, Math- 
em a t i s ch e A n n a l e n, vol. 36, pp. 473-534, 1890, the Q process of p. 525 being generalized. 
Whether there are non-linear groups with algebraic invariant theories is still, so far as I know, 
an unsettled question. 
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When the quadric reduces to a sphere the group of automorphic collineations 
has the same effect upon the points of the surface as the group of geometric in- 
versions upon the sphere. By inversion of the sphere into a plane the geometry 
reduces to 

(B) the inversion geometry of the plane, 

so called since its group is generated by the inversions (transformations by recip- 
rocal radii vectores) of the plane; this group may also be defined as the totality 
of point transformations which leave the family of circles invariant (MOBIUS' 
Kreisverwandschaft). The geometries (A) and (B) are equivalent in the gen- 
eral analytic sense which implies only the isomorphism of their groups; further- 
more for the invariant methods developed in this paper they are identical.* The 
nomenclature employed has reference to the one or to the other geometry accord- 
ing as the problem is thus made clearer, but the distinction between them van- 
ishes in the algebraic results. 

Abstractly, the fundamental group of either (A) or (B) is a mixed six-param- 
eter group GC, consisting of two continuous systems of transformations G6, 
H4. These systems are distinguished in the (A) geometry by their effect upon 
the two sets of generators, the system G leaving each set invariant, while the 
system H interchanges the sets; and similarly in the (B) geometry by their 
effect upon the maiminal lines or circutlar points at infinity. The fact that G' is 
a mixed group, renders its invarianit theory in some respects more complicated 
than that of the continuous subgroup G; for in the G' theory it is not true that 
the sum (and a' fortiori an integral function) of concomitants (of course homo- 
geneous) is also a concomitant. It is therefore expedient to consider the G' 
theory in connection with the G theory. 

The principal algebraic methods for treating the geometry (A) or (B) are 
based upon the following representations of the fundamental group. In the 
qtaternary method, tetrahedral or tetracyclic co6rdinates are employed. The 
group G' takes the form 

(1) C': ' _ X,ri7bS'7 (i, k=1, 2, 3,4), 
k 

where the transformation coefficients rik satisfy the conditions which express that 
the fundamental quadric: 
(2) Q _ E piixk (pikc =pci; pik + 0) 

i, k 

is, except for a factor, transformed into itself-the transformations of G being 

* This does not imply that the geometries are necessarily exactly equivalenit; but that the 
treatment of (B) by tetracyclic coordinates coincides with the treatment of (A) by tetrahedral 
co6rdinates, and similarly the treatment of (B) by minimal coordinates coincides witlh the treat- 
ment of (A) by generator coordinates. 
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distinguished by an additional relation (? 1). In the double binary method, 
parameters X1: -X2 p : 2, are introduced in each set of generators or minimal 
lines, the group taking the form: 

G: \=aX bX2 = cX1 + dX2; =q at, + ip?, t=741 + ak2. 

H: aj, b,2 X =cM1?,a; t?aX1?3X, < yX16 H: 1 a,u bl Jro2l X 21 GIh + d02; kki = 1 + /3X2 v 2- ;4l + 8A'2 . 

In the latter coordinate system, the general algebraic curve CUn upon the quadric 
is represented by an equation of the form: 

n n 
($X1 X2 9tj P:2) O , 

where m, n are the partial orders of the curve and indicate the number of points 
in which it cuts the two sets of generators. The correspondence between the 
cUirves and the double binary forms is unique; so that the (A) geometry is ade- 
quately represented by 

the theory of double binary forms with r espect to independent linear 
(C) transformations of the variables, and also with respect to the inter- 

change of the variables. 

This theory in connection with the (A) geometry is considered in chapter III. 
In the quaternary representation, this unique correspondence between the 

curves and the forms does not exist. The general curve CU , (where say 
n = m + k, k _ 0) requires, for its complete representation, k + 1 quaternary 
forms in point co6rdinates, each of degree n: 

fl X 2 fk-+lA 

These k + 1 forms are however not unique (unless m = n = 1); they may be 
any k + 1 linearly independent members of the linear system: 

)f r2f2 + Pk-lfk-+l + MQ? 

where Pi ",,+I are constants, and ! is an arbitrary form of degree n - 2 . It 
is necessary then to distinguish the quaternary theory of the (A) geometry, from 

(D) the theory of quaternary forms with respect to the groups G, G'. 

The foundations for this latter theory have been given by STUDY,* whose start- 
ing point is systems of lillear forms, and final result the relation of- (D) to 

(E) the theory of systems of quaternary forms including a quadric, with respect 
to the geneeral linear group Fl5. 

*STUDY, Ueber die In varianten der projectiven Gruppe einer quadratishen Mannigfaltigkeit von 
nicht verschwindender Discriminante, L eipziger B erich t e, vol. 49, pp. 443-461, 1897. This 
paper will be referred to hereafter simply by the name of the author. 
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In the present paper the theory of the forms, i. e. (D), (E), is considered 
only in so far as the results are necessary for the theory of the curves, i. e. (A), 
(B). The treatment of (D) in ? 1 is not to be understood as complete, for in it 
STUDY'S relation between (D) and (E) is assumed. The theory of the curves is 
taken up in ?? 4, 4', the former considering the simplest (though most im- 
portant) class, i. e., the comiplete intersection or equi-ordinal curves (for which 
k = 0); while the latter, with less development, treats the general curve. The 
final result of the quaternary method (chapter I) is the reduction of (A) to (E). 

The relations between the two methods for treating the (A) or (B) geomnetry 
in the case of complete intersection culrves-or more explicitly the relations be- 
tween (C) on the one hand, and (D), (E) on the other-form the subject of 
chapter IV. The relations are of interest not merely for the (A) geometry, but 
also for the abstract theory of foriis : they lead to principles of transference 
(Uebertragungsprincip) connecting the theories of quaternary and double binary 
forms, similar to LINDEMANN'S relations between ternary and simple binary 
forms. * The remaining general theory is contained in chapter VI; the methods 
there considered may be regarded as variations of the (C) method. In the ap- 
plications, the (B) terminology is used almost exclusively, the special curves 
treated being the circles (chapter II) and the cyclics or bicircular quartics 
(chapter V). 

CHAPTER I. 

THE QUATERNARY METHOD. 

?1. Quaternary forms with respect to the groups G and GA'.-Each transfor- 
mation g': 

x i ErlvZk 

of the group G', reproduces the fundamental quadric: 

Q _p2 (A=Lppik I + 0), 
except for a factor D, ; so that 

EPik,ri.rk,B 
(1) tik D (a, 3=1, 2, 3, 4). 

The transformation cliscriminant Dg, is closely related to the transformation de- 
terminant 8 = 1ri, the former arising in the decomposition of the latter as fol- 
lows: 

* LINDEMANN, Sur une representation geometrique des covariantes des formes binaires, B u 11 e t i n 
Soci6te Mathematique de France, vol. 5, pp. 113-126, 1876; vol. 6, pp. 195-207, 1877. 
Cf. Mathematische Annalen, vol. 23, pp. 111-142, 1884. 
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I pt.,jrI . r 1j, where li =-pairak a ia 

and 

where 
Mi7k EjpfiSr,3- ?,Pap rairg k Di 

from (1). Therefore 
A82 _ AD4 

or 
8=- D2, 

the positive sign characterising the proper, and the negative the improper trans- 
formations; so that we have 
(2) 8 = D9, h Dh 

In the theory of the concomitants of quaternary forms with respect to the 
groups G and G',-i. e., of those rational integral functions of the coefficients 
and variables which are unaltered (except for a factor independent of the coeffi- 
cients and variables) by transformations g and g', respectively,-the preceding 
formuloe are fundamental. Considering for simplicity the invariants of a single 
form 

f an, 

we have for a G invariant I, 
(3) I(ag) = cg(r)I(a), 
and for a G' invariarnt 

(4) 1(a) ckg(r)I(a), I(a h) = h(r)I(a) 

where ag, ah represent the coefficients of the transformed form, and qb is inde- 
pendent of the a's. The inverse of g and h being also members of G and H, 

I(a) == (, ) IA~g) I(a)-= h(; I (a), 

where Rik is the minor of rik in 8 = |rikl; therefore in both cases 

)(r)O4 () = 1 or +(r)+(R) - 
` =- D2 , 

from (2). The discriminant D being irreducible, +(r) is of the form cD', say 

) gciD>9 (h 2 Dh 

The laws of combination of the transformations g and h give 

c2 = c c =c _, c 2= c ; or c11 c2=+1 
Trans. Am. Math. Soc. 29 
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For a G invariant the transformation factor is a power of the discriminant D's. 
For a G' invariant the factor produced by the transformations g is DAf, while that 
produced by h may be either Dh or -D % thus creating a division of the G' 
invariants into even and odd, 

The theory of G and G' invariants is closely related to the ordinary theory 
of forms, the connection being expressed in the following theorems. 

10.-Every projective invariant T, of 

Q= 1pZ f=an 
is a G' invariant of f. 

Representing the general transformation of the projective group r15 by ry, 

we have by assumption, 

T(a, , p,^) = 8,1T(a, p) 

where X is the weight of T. Therefore 

T(a,, pg,) -T(ag , DgPp) = ,, T(a, p), 

T(ag, P) = D4], (a, p) = T 

A.t being the degree of 7 in the p's. Considered as a G' invariant, 7 is even 
or odd according as its weight X is even or odd. 

20.-Every sum Z4oi(p)Ti, where the O's atre arbitrary fuincttons and the T's 
are all of the same degree tn the a's, is a G invariant; if, in addition, the weights 
of the T's are either all even or all odd, thfe sum is a G' invariant. 

This follows from 10 and from the fact that the exponent v, of the transforma- 
tion factor i Dv due to each term of the sum, depends only upon the degree in 
the a's, while the sign depends only upon whether the weight is eveii or odd. 

The converse of 2? has in substance been proved by STUDY* in the paper 
already cited. This converse is 

3?.-Every G invariant can be expressed in the form f (p) T, the T's being 
all of the same degree in the a' s; in addition, for a G invariant the weights of the 
T's will be either all even or all odd. 

Relations between the complete systems of concomitants for the (D) and 
(E) theories of the introduction, follow directly from these theorems. A com- 
plete T system, i. e., a system T,, T2, * * such that every T can be written 
7= R( Tl S2 ),where R is a rational integral function with numerical 
coefficients,-is also a complete G system, i. e., every G can be written 
G _ R1JJZ, ZT2' * *), where RP is a rational integral function with coefficients 
which may involve the p's. More generally, a system T, ..2 * such that every 
T can be written T = RJ TZ, T 

2 
), is a complete G system; conversely, from 

*Leipziger Berichte, vol. 49, p. 458. 
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every complete G system a system of Ts can be derived with the property ex- 
pressed by T=7R (T1, ,2 *) 

?2. Systems of quaternary forms containing a quadric, with respect to the 
general projective group rP5 .-The simplicity of the theory of systems of forms 
containing a quadric, arises from the possibility of a reduction, peculiar to them, 
of contragrediency to cogrediency.* 

In the first place the original system 5, containing a quadric and forms in any 
number of point and plane co6rdinates, may be replaced by another system 8', con- 
taining only point coordinates. For simplicity consider only one set of point 
coordinates x, and one of plane coordinates u. Let the system S be 

5: ~~~~Q=p2, f =axn, ( xb r~ S Q = p~~~x x - f bxu v 
By the substitution u 2- p=py 
this becomes 

sw Q,/ f,p - = PaPa Pa-l)pp,P. p(rn-l) A 
8': 

(s 1 .ps-l)br _bBs; 

which in turn, by the substitution 

ys= ]?uP 
becomes 

QI f, I = Ap*** Apn-*)u.p up(,,-,) - Akf, 

X = bjBp - Bp(,-i)up * up=,-,) ASX 

The system S' is comiposed of concomitants of S, and the system S, of con- 
comitants of S'; therefore every concomitant of S' is aconcomitant of 5, and 
every concomitant of S1 is a concomitant of 8'. Again, since Si, except for 
powers of A, coincides with 8, every concomitant of 5, multiplied by a suitable 
power of A, is a concomnitant of S1 and therefore also of 5'. If then we re- 
gard the discriminant A, of the quadric Q, as a number, the systems S a-nd S' 
are equivalent. 

In the seeond place, if again we regard A as a number, it is sufficient, in 
the study of complete form, systems, to consider only in- and covariants. For, 
disregarding powers of A, by the substitution 

ue =pipy 

the totality of contravariants passes over into the totality of covariants; and 
mixed concomitants (i. e., those involving both point and plane co6rdinates) 
become covariants in two or more sets of congredient variables. 

* STUDY, pp. 458, 459 gives this reduction for the (D) theory; in the above the starting point 
is the (E) theory. Cf. the introduction. 
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? 3. The apolar surface.-Consider the curve of intersection of the quadric 
Q 0, and the n-icf = 0. Of the totality of n-ic surfaces which pass through 
the curve, and which are therefore represented by 

(1) Xf +MQ=O 

(X being a constant and M' an arbitrary form of degree n - 2), there is one 
which is of special importance in the theory of the curve, i. e., that one which is 
apolar to Q considered as a class quadric, 

Q = = 6-(pp p lt). 

A surface is apolar to Q when all its polar quadrics are harmonically circum- 
scribed with respect to Q, i. e., when every polar quadric is circumscribed about 
an infinity of tetrahedra which are self-polar with respect to Q.* The covariant 

a a2an-2 = EpikcX _7 

d2 
S= Pa x PidxOdx 

i k 

equated to zero, gives the locus of points whose polar quadrics are harmonic to. 
Q: its identical vanishing is therefore the necessary and sufficient condition for- 
the apolarity of f and Q. 

If F = Xf + MIQ is apolar to Q, 

(3) IIF= 0, where Q Epik =2 
i k 

It is necessary now to calculate fl(MQ). We have 

__x ___x__ d Q dxl d Q dxl[ 
dXidXk (MQ) Q C.dxCdxk 

+ 
X7Z7 + + dXk ki 

or 

f1(MQ) = QflQ + XIK Q + 2EPik 09 Q d- 

but 
Q Q = 2EpikPik = 

and 

EPik dAr dxQ = 2 E x dxf EPikPil 

= 2AEx d[ 

- 2(n - 2)AM. 
* REYE, Ueber Algebraischen Flachen die zu einander Apolar sind, C rel 1 e, vol. 79, pp. 159-175, 

1874. 
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Introducing these values, we have 

(4j Ql(MQ) = Qflf? 4nAM, 
and by repeated application, 

fQ2([Q) QfQ2M + 8(n - 1)AflI, 

Qh(MQ) = QfQhX + 4h(n - h + 1)AMh-hX. 

From (2) and (3), 

F-Xf + 3Q, 
Q f + Qfl + 4nAX= O, 

fPf + Qfl2X + 8(n - =)AnXM= 0 

flhf + QfhX + 4h(n - h + 1)Ah-lX =I 0. 

Multiplying these equations (5) by 

Q Q2 
1 4.n 4-8 n(n- 1)' 

respectively, adding and putting X = Av (where v is the greatest integer contained 
in n/2), we have the required determination, 

Av-1Q ~Av-2 Q 
F 1 A^~4 Q + -- 2 1-it 4 1.2 n(n-1) 42 

(6) 

(6) + n(n - 1) .. (n-p + 1) 4Q 

From its definition F is a covariant of f and Q; to put this in evidence we 
may express it symbolically as follows: * 

4n= nn 
- 1)Ax 2lQaan-2 + ...( 3) Av-2Q2aa22 n,-4 

(7) + (-l)V n (. (n 2V+1) 1)A9QPaP, a 

This determination proves that there is one and only one surface F 0, 
which passes through the curve and is apolar to the quadric. t 

*The corresponding ternary (and n dimensiohal) problem can be treated in the same way; 
it has been considered by a different method by LINDEMANN, Bulletin Soci et6 Math6- 
matique de France, vol. 6, pp. 195-207, 1877. 

t This and a more general theorem is given by STUDY, Ueber quadratischen Formen und Linien 
complexe, Leipziger Berichte, vol. 49, p. 174, 1890. 



440 E. KASNER: THE INVARIANT THEORY [October 

? 4. Equi-ordinal * or complete intersection curves on a quadric with reference 
to G and G'.-The theory of the curve 

f = , Q = , 

on the fundamental quadric, with reference to G and G' (or, what is equivalent, 
the inversion theory of the curve whose equation in tetracyclic coordinates 
connected by the quadratic equation Q = 0, is f = 0), is obviously not iden- 
tical with the theory of the formf, since the latter is not completely determined 
by the curve. It is necessary then to define what is meant by a concomitant of 
the curve: 

A G (or G') concomitant of the CURVE f = 0, is a " special " t G (or G') 
concomitant of the FORM f- 0, i. e., a concozmitant If with the property expressed 
by the equation: 

IXf.MQ - *11, 

where i is independent of the coefcients and variables involved in I-. 
1?. The apolar form: 

Av-1 Q F= A _f1 4 f + ...=Af + ? Q 

is a " special " covariant of f . 
For from (6) ? 3, we have F(Xf + HQ) = XF. 
20. Every concomitant of F is a " special " concomiitant of f. 

Since I is a concomitant of F it is also a concomitant of f: 

IF =If 

Again, I is " special." For, puttingf' Xf + MQ, 

I,f = F' AF XF I_- XFC1. 

30. Every " special'" concomitant of f is a concomitant of F. 
By assumption, 

'AJ?MQ = Ii 
therefore 

'F="> 

* Cf. Q 10; the general curves are considered in Q 4/. 
[t September 28, 1900. Cf. H. S. WHITE's definition of semi-combinant in his paper, Semi- 

combinants as concomitants of affiliants, American Journal of Mathematics, vol. 17, pp. 
234-265, 1895. The form F of the text is a special affiliant. The theorems 10, 2?, 30, relating 
to G concomitants, together with their proofs, are almost identical with corresponding theorems 
for r semi-combinants given in the same paper; in fact the former may be regarded as merely 
special cases of the latter.] 
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From these results we obtain the theorem: 
The G (or G') concomitants of the curve * f- 0 coincide tvith the G (or G') 

concomitants of the apolar form F. t 
This theorem, in connection with the results of ? 1, reduces the problem of 

finding the G or G' concomitants of the curve, to the ordinary theory of forms. 

? 4'. The general cttrve. -In the preceding section only those curves were 
conisidered which can be defined by one quaternary form in point coordinates; or, 
in the nomenclature of ? 10, only equi-ordinal curves. A purely quaternary 
method for treating all algebraic curves is suggested in the following. 

The general algebraic curve CQ, on the fundamental quadric Q, whose partial 
orders (? 10) are m and n (where n = n? + k, k- 0), may be defined by k + 1 
quaternary forms of order n, 

fl 9 f Al .fk?l I 

which represent k + I linearly independent n-ic surfaces through the curve 
The totality of n-ic surfaces passing through the curve forms the linear system: 

8 = vlfl + V2f2 + " + V7+lfk+l + XQ 9 

where v1 **.+. are arbitrary constants and M is an arbitrary form of order 
n - 2. The definition given in ? 4 may be thus generalized :t 

* By the curve f_O0, is meant either the plane curve whose equation in tetracyclic coor- 
dinates connected by the identity Q O, is f = 0; or the space curve upon the quadric 
Q == 0, cut out by the surface f =0. 

t The apolar form F corresponding to the general curve f _ 0, is not the general form of de- 
gree n: the relation of F to Q cauLses a certain covariant of degree 10 (n -4) to vanish iden- 
tically. This covariant may be expressed as a determinant of the tenth order: 

C= (1111) (1112) (1113) (1114) (1122) (1123) (1124) (1133) (1134) (1144) 

(4411) (4412) (4413) (4414) (4422) (4423) (4424) (4433) (4434) (4444) 
where 

(ik m ) --1 _ _ _ _ _ 

(ikm) =n(n-1)(n-2)(n-3) dxiaXkaxlaxm 

The symbolic expression for this covariant given by LINDEMANN, Math em ati sc h e A n n a len, 
vol. 23, pp. 136, 137, is incorrect; the correct expression requires the solution of the hitherto 
unsolved problem of the symbolic quadric through ten points. 

+ A second definition applicable to all curves, but which is not a generalization of that given 
in , 4, is obtained by starting from the tangential equation 

r 42Mmn =0, 

of the curve Cmn; or, what is equivalent, from the reciprocal of t with respect to Q, 

= t . . . p(2mn-l)pp' , p(2mn-1). 

(The surface 0 0 cuts the fundamental quadric Q in the curve Cm, counted twice, and in 
those generators of Q which are tangent to Cmn) . This representation suggests the definition: 
the G (or G') concomitants of the curve Cm. are the G (or G') concomitants of the quaternaryform 4; 
o0, (what i.s equivalent except for powers of A ), of the formn + . Concomitants as here defined are also 
concomitants as defined in the text, but the converse is not true. 
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A G (or G') concomitant of the curve C is a G (or G') concomitant I of 
the forms f ,f2, ..f,,+, which possesses the property defined by the equation: 

I(v'f + J' Q, , v'f 
Jr " 

Q *T) - rI(< l f2.* ) A 

where *4 is independent of the coefflcients and variables involved in I(f1, f2j**). 
When the curve is equi-ordinal, this definition reduces to that given in ? 4. 

The fundamental theorem for the concomitants of the general curve is: 
The G (or G') concomitants of the curve C,,> , are the G (or G') conmbi- 

nants (that is, concomitants with the combinant property) of the apolar forms 
F1, **FIl,,+ correspondinng to f, * * * fk?+ 1 

CHAPTER IL. 

CONCOMITANTS OF CIRCLES. 

? 5. Qttaternary system.-Let the equatiolns of any number of circles, in 
tetracvelic coordinates coninected by the identity 

Q =Epi, - = 0, 
be 

=f - A,1x + A2X2 + A3x3 r+ A4x4 = 0, 

(1) f2= B1xl + B.)x2 +B3x3+ B4.4 0, 

= Clxl + C2x2 + C3X3 + C,4 0, etc. 

The complete system of inversion concomitants may be derived, by the method 
of the preceding chapter,* from the projective study of the form system 

S ~~~~Q _p2 Ifi A.X, f2 B.,j.. 
the discriminant (of the fundamnental quadric Q) 

A = 2-14 (1)pplp 'i)2 

being regarded as a mere number. With this last proviso, the system S is 
equivalent to the system 

': 9= 2 -6 (I)pp 1pu)2, t; Ax, f2= B, ... 
the proof being similar to that given in ? 2 for the equivalenice of the systems 
there denoted by the same letters S and 5'. 

Invariants of the system 5' may be considered as conicomitanits in several 
sets of cogredient variables A, B, * . of the sin gle form Q: we miiay there- 

*In the case of circles, the concomitants of the forms ($ 1), and the concomitants of the 
curves ({ 4), coincide, so that no reduction by apolarity is necessary (from ? 3, F- A f ). 
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fore apply a method of CLEBSCH,* by which the concoimitants in several sets of 
cogredient variables are deduced from identical concomitants and polars of con- 
comitants in one set of variables. The invariants are thus found to be of onlly 
two types: 

A,B, (including the type A2), 
and 

(AB CD). 

The contravariants, being invariants of 8' and an additional circle, are 

U2 , A,,u, , (A B CD); 
and the covariants, by the second principle of ? 2, are 

AX, (ABCp)px 
Collecting the preceding results one colncludes: 
Every G or G' concomitant of the n linear forms fi, f2, *.*, fi, that is, 

every inver sion concomitant of the n corresponding circles, is a rational integral 
function (the coefficients of which may involve the quantities pik) qt' the fol- 
lowing concomitants: t 

n(n?+1) n 2-- invariants of the type =2 ApBp= 

( 4 ) 1931K, (AB CD), 

n covariants " " = = AZ, 

(n~) " " " " 5JI23= (AB Cp)px, 
nt contravariants of the tylpe F1 = Apu1t, 

( 3 ) "U" " G123 (AB Ct), 

and the identical contravariaint Q =tp. 

The non-symbolic expressiolns for these forms, in the case of the orthogonal 
system of tetracyclic co6rdinates (Q--E x2), are 

(ABCD), g1= (ABCx), U12 (AiB ) 

K1234 (AB CD) E 123 =(AB Cx) , G123 =(AB Cu) 
* CLEBSCH, Ueber ein fundamentale Autfgabe der Invariantentheorie, G 6 t t i n g e n A b la nd- 

l u n g en, vol. 17, p. 39, 1872. 
t These (or rather equivalent) forms are determined directly by STUDY (p. 443 ff.), i. e., 

without passing to the ordinary theory of invariants; the same is true of the quaternary syzy- 
gies of Q 7. 
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? 6. Binary syste2n.-In minimal co6rdinates* X, ,a, the equation of a 
circle is 

a11X/D + a12X + a21y + a92 2 0 

or in homogeneous form, 

a11,X1,1 + a12X1A2 + Ca21X2L1 + a22X2t2 0 . 

A circle is therefore represented by a binary bilinear form with non-cogredient 
variables. Such forms have been studied by PEANO.t If the n circles be 
represented by the symbols of their bilinear forms, 

=1 Z a 7 A2 - bA/31, f3 - CxA7 

their complete binary system is composed of the following forms: 

n of tvpe f1 -aA M 

n F F1 (ar)(ap), 

n(n ? 1) 
12 - (ab)(a/3)a 

2 

( 4 ) " K1234 = (ac)(bd)(a/3)(ry8) -(ab)(cd)(a7)(,38), 

( 1) ( /6 ) ;; g123 (ac)(a/3)by,7, - (ab)(aty)cA/3,, 

( 3 ) " C123 _(ac)(a/3)(br)(yp) -(ab)(y)(cr)(&), 

(12 ) " 12 -- (al)a.,bS, 

(2) 12 

1 " 9 - (rr')(pp'), 

where the variable circle occurring in the contravariants is r11X1,p1 + r 129X12 + 
r21XJL1 + r722XL2 rAp, = rip> . This system may be deduced by PEANO'S di 
rect method; it may also be obtained (except for L and JT) by a transforma- 
tion of the quaternary results of ? 5. (Cf. chapter IV.) 

* These are discussed in Q 10. The simplest element in these coirdinates is not the circle, but 
the minimal line, whose equation is of the form aj1j + a22,2 = 0, or alt, + a2/2 0. The com- 
plete system of any number of such lines ax, bx, * * , a. , /3/J * , consists of the forms themselves 
and of the invariants (ab) , (ar) , etc. 

t PEANO, Formazionti invariantive della correspondenza, G io r n a 1 e di Mat em a tic h e, vol. 
20, pp. 81-88, 1882. 
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The non-symbolic values of the concomitants (1) are 

fi al1llX/A + a12Xlf.2 + a2,X2111 + a22X2/12 

1 all r22 - a12 r2l a21 r12 + a22 r22 , 

11 2al, a22 2a12 a21, 112 alb22 a 12b21 ct21b12 + a224bl 

a11 a12 a a a a a a 1 12 21 22 11 12 21 22 

bl bl2 b2l b2 G bl b b b - 11 12 21 22 - 11 12 21 22 

1234 123 
c1 C c12 C 21 C22 Cil C12 C21 C22 

Ij111 d12 d2l d22 rll r12 r2l r22 

all a12 a21 a22 

b1l b12 b2l b22 4 
- 2r 9123 - 1 rl,r22 121 

22 

Icl cl c2 c2 C11 C12 C21 C22 

- 
2H2 XX2/1 - l1X2 X2/2 

L1- (Alb2 a12blll I (l1b22 21 A2+a al2b2, + (121 b12 - a22bll)XIX2+ (('2lb22- a 22b 2)2 

= (allb2 - a21bll)X2 + (all 22- a1262 + a 2 -2- a22)X12? (a2-22 a-2b)2 12 
(a21 - 21411)u + 122 21A2? 12621 

- 22bll),(I1~2+ (12b22 12- 
4 

? 7. Syzygies in the preceding systerns.-A series of simple considerations 
shows that the systems given in ?? 1, 2, are not only complete, but also irre- 
ducible; however the members of the systems are not independent. For the 
quaternary system the relations among the invariants are* 

Iaa, Ias oq lay! f -1. 

ci)9a al ay 

-ya 'Yt 'Y'Y 'Is (1) ~ ~~I~af3y8I1l'a~~f3fyf1f ]313/ -T3Y/ 18f33 
I^a Is I3, I, 

(2) -ia[CySe + -i,8 y ea + Ji4yAea1a + iHSKeaay + TicEKa01Y8 O 

The relation (1) is proved by decomposing the right hand member, after sub- 
stituting the symbolic values given in ?5, as follows: 

Ap A' A RBp Ap Cp Ap D' 
R p R' R Y R 

*"STUDY, 1. C., p. 444, gives relations equivalent to (1) and (2), and also proves that they form 
the complete system of syzygies. 
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= pBp Cp,,DpAB, Ap Bp CU D' 
Ap, Bp, Cp, D p, 

-'14 Ap Bp Cpip Dp A' Bp Cp D 

Ap, Bp, Cp, Dp, Apf, B, IC, Dp, 

= (AB CD)(A'B' C'D')(PP'P"P"'p)2 
A3(ABCD)(A'B' C'D'). 

The relation (2) is proved by rewriting the first member as follows: 

Fp Ap Bp Cp Dp Ep 

A1 Bi CDI El 

A4 B4 C4 D4 E4 

The relations among the remaining forms of the quaternary system are of the 
same two types. Only a few, which are to be employed later, will here be writ- 
ten out. 

In (1) let f8 and f,, be the same degenerate circle, i. e., point circle; then 
Iaa Iag a I fa 

A3 10~ _19 
(3) 53 

= 
a f3I' 3,' Ity' 
ya' y(' ay' .y 

faI f, I Jy 0 

Again, letf, in (2) become a point; then 

(4) f aXe ?f(3K,f a ?fyJiEaO +fe8 ea0y +fJ:aP,y6 0. 

Another important syzygy among the invariants is 

'aa' Iaij 'al' hE' 

Ia, I, Iy I Iex 

(5) Iyaw Iy 1Iy I I/ I e = 0, 
h-a' 'y ' E 

Ia' Ia * ayt I-Te 'EC Iea I3~ / Eyt Ie3' e 
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which is however not distinct from (1) and (2), for the above determinant may 
be written: 

3a, ty 18(IEaae +L 'iK2j, ea + 

The above relations apply also to the binary system, if in them we put A = 1; 
in addition,* 

- 2Laj~Mi,8 = jIatyfs - Ihaftfy -'yfafs + '&fcLf +fyga8s -af ga 

? 8. Geometric interpretations.t-Two systems of concomitants of circles 
have been given in ?? 6, 7. The first applies also to a quadric and a set of 
planes, the second also to a set of binary homographies in which the carriers are 
not regarded as superposed: for each of these points of view there is a corre- 
sponding geometric interpretation which will not, however, be given here. 

If then only circles in the plane be considered, the interpretations of the van- 
ishing of the concomitanlts are as follows: 

f= 0, represents a circle; and 

F1 = O, the linear complex of circles orthogonal to fi. 

Ill= 0 , is the condition for the degeneratioll of the circle f; and 

'12= 0,is the condition for the orthogonality of f1 and f2. 

K'1234 = 0 is the condition that the four circles f1, f2 ,j3 f4 belong to a 
linear system, i. e., have a common orthogonal circle. 

0, represents the circle orthogonal to fl, f2 A f3; and 

G 123 = 0, represents the linear complex orthogonal to g123. 

Q = 0, represents the quadratic complex consisting of all the degenerate 
circles of the plane. 

The preceding forms are common to both systems; in the binary system we 
have, in addition, L12, A122, which represent the pairs of minimal lines of each 
series through the intersections of f1 and f2. 

All invariant relations of circles inust be representable through the above 
concomitants; some examples will lnow be considered. 

* PEANO, 1. C. 

tOn the geometry of circles see STUDY, Das Apollonische Problem, Mathematische An- 
nalen, vol. 49, 1897. 

M6BIUS, Kreisverwandschaft, Werke, vol. II, 1852. 
LORIA, Geometria della sfera, M em ori e Accad em ia Tori no, vol. 36, 1885. 
LACHLAN, Philosophical Transactions of the Royal Society, 1886. 
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The condition for the tangency of two circles ,1, f2 is 

I11 l 12 o 

I 21 I22 

and the condition that three circles f1, f2 , f3 , have a common point is 

I11 -12 T13 

-21 I22 I23 - 

131 132 133 

These are combinants applying equally to any two or three members of the 
linear systems tlj; + t2f21 tlfl + t2.f2 + t3f3 , respectively. 

The circles cutting f1, ,f2 in four points whose anharmonic ratio is a, are 
given by 

(a + t)2 ( F)2) 
9 a-1, (Ill?' -~~~~ F)(122 - F2 

the harmonic circles (i. e., a - 1) being 

L12f I- FF2 = 0 

As an applicationi, let it be required to find the equatioln, in inlvariant form, of 
the cyclic curve* through eight given points t. The circle throuLgh the points 
1, 2, 3, is Y123 = 0; the system of circles through six of the points is therefore: 

tS1923g456 + tWg3245336 + t3g125p346 = 0 

If we impose the conditions for the curve going through the remaining two 
points, and eliininate t1 , t2. t3, the required cyclic is found to be 

g123 4,56 Y121 a356 Y1256 346 I 

K) 1237K4567 K1247K[z3567 X1257Kfi3467 
= 0 

K1238K4568 K1248K3568 -K1258K3468 

? 9. Absolute invariants.-Two circles have a single absolute invariant: 

I2 
C12 - - Cos 12 

11 22 

* Otherwise bicircular biquadratic. 
t Points may be considered as degenerate circles, so that the concomitants apply also to sets 

of points. The condition that two points lie on a minimal line is 112 = 0; the condition that 
four points are cocircular is K1234 = 0; etc. 
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where 012 is the angle of the circles. All the absolute invariants of any number 
of circles are functions of the quantities 

C i =- cos2 0 

Oi, denoting the angle of the circles f, <; but not every rational absolute in- 
variant is a rational function of the C),'s. To obtain systems of absolute in- 
variants possessing the latter property-which systems may be called complete 
rational systems-it is necessary to introduce the absolute invariants 

(1 ) = 
IwXDt 

ik-lm - kw 
Tim tkl' i = 

Every rational absolute invariant of any numnber of circles, with respect to the 
mixed inversion group G', is a rational function of the quantities Dik,,,,; with 
respect to the continuous inversion group G, every rational absolute invariant is a 
rational function of the qutantities Eiklk. 

Consider now the case where the circles reduce to points. Four points 
P P2P3P4 have two absolute invariants 

(2) a=D1234 1 = 1324 

which completely characterize their invariant properties with respect to the group 
G'. With respect to the group G, the simplest absolute invariants present 
themselves onily in the minimal system of coordinates. Let the co6rdiuates of 
Pi be ai, bi; then the fundamental absolute invariants of the four points are 

(ai1 - a3)(a2- a4) (bl - b3)(b2 -b4) 
(a, 1 a 4)(a2- a3) ' (bl -b)(b2 b3) 

The relations between (2) and (3) are 

6aL=T, 3= (1 -)(1- ). 

If the points be taken in all possible orders, six distinct pairs of values for a, 
,1 and o-, are found: 

1234: a, 8; , 7-; 

1324 /,, a; 1 - , - T;1 

1243: : -, 

a 1 1v 
(4) 1342: 1 a 

1-a-' 1-T; 

/3 1 a~~1-i 7-- 

1423: , -; - a, aw a Of vr 
#a 1 ar - 1432:j'/'a-'7 i 
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With respect to either group G or G', the general set of four points is equiva- 
lent to itself in four ways. Thle "special" sets, i. e., those which acre eqpiutalent 
to themselves in more thanfour ways,* are as follows: 

First, as to the group G: 
10. a, - = 0, 0 or 1, 1 or co, co; equivalent to itself in 8 ways. This is 

the coincident set. 
2?. , =-1,-1 or 2, 2 or, ; equivalent to itself in 8 ways. This 

is the harmonic set. 
30. a-,v=a),1- ) or 1 - o, (o where )3 =-1 ; 12 ways. This is the 

equianharmonic set. 
40. , v=vvco or 2, 0 or - 1, 1; 8 ways. 
50 (0. =,1 - or 1 -a, w where c3- 1; 12 ways. 

Second, as to the group G': 
A. a, 3 = 1, X or X, 1 or 1/X, 1/? where X = 1=; 8 ways. This includes 

cases 1' (for which X = 0) and 2? (for which X = 4). 
B. a, 3 = 1, 1; 24 ways. This coincides with case 3?. 
C. a, /3 = 0, - 1 or - 1, 0 or co, co; 8 ways. This coinicides with case 4'. 
D. a, 3= E, 62 or 62, E where e3 = 1; 12 ways. This coincides with case 5?. 
The geometrical definitions and properties of these special sets present con- 

siderable interest, but will not be given here. 

CHAPTER III. 

THE BINARY METHOD. 

?10. ifibiial co5rdinates.-In the system discussed in Chapter I (tetracyclic 
co6rdinates in the plane, or tetrahedral in space), not every algebraic curve can 
be represented by a single equation in connection with the identity; for such an 
equation represenlts a curve cutting the mninimal lines (or generators) of each 
system in the same number of points.t Calling the nu-mbers which indicate how 
many times the lines of the two systems cut anl (algebraic) curve, the partial 
orders of the curve, we see that the quaternary theory as developed in ? 4 is 
restricted to the domain of " equi-ordinal " curves.4 

* It is to be noticed that this is not identical with the statement that the points admit more 
than four automorphic transformations: the text classification is based on the number of equiva- 
lences, not on the number of transformations. (In a classification based upon the latter, the cocir- 
cular set of four points would count as special, since such a set admits eight tranformations.) 

tConversely, every equi-ordinal curve can be represented by a single tetracyclic equation. 
For the general theory see KLEIN, Ein liniengeometrischen Satz, Gottingen Nachrichten, 
1872; or Mathematische Annalen, vol. 22, pp. 234-241, 1882. 

+ This is not a necessary restriction of the system of tetracyclic co6rdinates, but only of the 
apolar method developed in Q 4. Cf. Q 4', for curves whose partial orders are unequal. 
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This limitatioii is remloved more conveniently than in ? 4' by the use of what 
may be termed the minimal system of co6rdinates.* In this, a point is determilled 
by two co6rdinates X, ,u, the parameters of the pair of minimal lines (or genera- 
tors) through the point-the parameters being ordinary projective coordinates 
in the minimal pencils (or hyperpencils of gellerators). Instead of X, ,u, we mnay 
introduce two pairs of homogeneous co6rdinates X1: X2 and ) : I2 . 

A curve whose partial orders are mn, n, is represented by an equation 
M,. V, 

f(X, ,u) = 0, of degree m in X and degree ?m in /. Introducing the homo- 
geneous co6rdinates, the equation of the general algebraic curve may be written 

(1) f=.t'(Xl, X2; -1 v 2) = jQ,) A k X 2/11 = 0, 

A and k varyinig from 0 to m and from 0 to ni respectively. Symbolically, we 
may write 

(2) f = aM2all = bl) =,3 . 

where the symbols have real mealling only in the combinations: 

am-ha 0an-kak- rn- b-hJbh)3a-k- )3k- l (t1 a2a1 a2 =1 = = a. 2 

The inversion group G' in the present co6rdinates takes the form: 

aX + b a_u__/ 
Gt;: L ~~~~cx + clAlk=d + a, 

(3) 

H,;: L b + aX + /3 

In the preselnt chapter, however, attention will be restricted t to the continu- 
ous group G,, which may also be written 

(4)Q: L1aX+bX2, L2a=cX + dX, 11 = a,/L+ /312, 4i=YFL- JFl2 

? 11. Doutble binary forms.-From (2) and (4) we have: 
-The invariant theory of curves for the grotup G, , is equiva1ent to the theory of 

dlouble binary forms wthose variables undergo indlependent linear transformatioiis. 
The theory of double binary forms in which the variables undergo the same 

linear transformation, may be regarded as completely known; for we may pass 

* The system is fixed by three base points P'P"P"': denoting the corresponding minimal lines 
by L'L "'M'31f"3f"', the co6rdinates of a point P are the anharmonic ratios A= (LL'L"L"'), 
u (I= JI'I"Jr"'). It has a theoretic advantage over the tetracyclic system, in that it intro- 
duces only invariant elements in its definition. 

t See Q 21 for the group G'. 
Trans. Am. Math. Soc. 30 
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from the consideration of such forms, immediately to an equivalent system of 
simple binary forms. In fact the colncomitants of the form r ..s. (where x and 
y are cogredient), are the concomitants of the set: * 

rmn ,Sn ( rs)rm'XISXn (rs)2rm-2 sn-2 2 

Where, however, the variables, as in a"a n, are not cogredient, but undergo 
distinct transformations, the theory is not so siinple; methods, analagous to 
those for simple binary forms, have been developed by PEANO and GORDAN t 
for determining the concomnitants, and it has been proved that their totality may 
be represented by a complete system. In the following sections a geometric 
basis is given to these methods, principally by the consideration of the polar 
theory of the forms and curves. 

? 12. Polar theoiy of the general curve Qn, n .-The double binary form 

f= a a 

equated to zero, represents a curve cutting each X-line in n points, and each ,u-line 
in m points-where by a X-line is meant a minimal line for which X is constant, 
etc. Such a curve will be denoted by Cm, ; so that a X-line is a Cl 0, a ,u-line 
a C0, 1, a circle a C1 I, a cyclic curve a 09 2 , etc. The general C,0n contains 
mn + nt + n independent constanlts; its total order, i. e., the number of points 
in which it is cut by an arbitrary circle, is qn + n . Two curves Cm , C,,, w,, in- 
tersect in mnn' + nm' points.4 All C 'Ss which have mun + m + i points in 
common, will in general also have nn - m - n additional points in common. 

Passing over the general properties of curves, of which the above are simple 
types, consider now the (inversion) polars of a curve C,, ,. Thle (h, k) polar 

Pi-,,, of a poinit , '1 with respect to a cur,ve j a_ a,a, 0, is (lefn ed( thats 

(2) Pi,,_ Ct7=a ana 
a 0; 

which may also be written 

where 

(3) /\1 001 ̂ ~+ 02 A25 8 57-(1 2=+ 9 7-2 

*CLEBSCH, Gbttingen Abhandlungen, vol. 17, p. 23; Bindre Forqnen, 0 14. 
tPEANO, Atti Accademnia Torino, 1881; Giornale di Matemnatiche, vol. 20, pp. 

79-101, 1882. GORDAN, Matheinatische Annalen, vol. 23, pp. 372-389, 1889. 
+ The general Cm, iW, from the standpoint of projective geometry, is the special curve of order 

q- + ni, (0m+q,) , which has inultiple points of orders qn, n at the circular points I, J, respec- 
tively ; while from the point of view of inversion geometry, the general curve of order K. (0K) , is 
the special C,, ,K, which has a multiple point of order K at infinity. Projectively, a Go,, and a 
Cm,'' cut in (mn + n)(m' + n') points; but of these the mm' at Iand the nn" at Jare discarded 
in inversion geometry. 
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In expanded form, 

4) p _ {~~t (hl-t 7- f(^.{ l-mX 
(4 Ph, V AJ Vj J' 12 21 2 fh-i-, i, k_, j( S 0 1,* *nJ 

where 
:1 3da+b+c+?(f 

fllbcd m (imt-a b-1)n (nd c. d-1) axdb9aXk4 

The (h, k) polar may also be called the polar C., n-1 ; this is put in evi- 
dence by introducing for it the double notation Ph k- Q-h, n-k 

The polar Q, , of a point q, y is therefore: 

h ( ()t- ) it ))h->iXi -j j 

The geometric definition of the polar curves may be obtained from the con- 
sideration of simple binary polarity in each of the minimal pencils. The curve 
f= all?ai may be regarded as establishing an (mn, n) correspondence between 
the system of X-lines and the system of ,u-lines: to each X-line there corresponds 
the n ,u-lines ty1A2 * * U. throngh the inltersections of the X-line with f, and to 
each fL-line the m X-lines X1 . .. X. through the intersections of the ,LL-line with f. 
Similarly with respect to the curve, 

( ) Cty~~~~ keamak - 0 (5) aL X1kM,7 

to each X corresponds the kth polar of q as to FY1fL2 * ,un; there are in X's, 
X42 * . * Xj, bsuch that with respect to the ,t's corresponding to each in f, ,L be- 
longs to the kth polar of - Passing from (5) to 

arnhahan-1a k = 0 (OX hChi- g 

we obtain the required geometric definition: 
The (h, k) j)olar of a point {, q iwith respect to a curve Q,,,,, is a curve Q., -h, n-k I 

generated by the following correspondence between the rninntal pencils: to each ,u 
correspond those X's (n - h in onmber) which foirmt thle h-lit polar of t with r espect 
to X1X2 *X -where the X"s are defined by the fact that the u's corresponding to 
eacl in f are stuch that, with respect to them, / belongs to the k-th polar of r; and 
stsmilatrly to ectch X, etc. 

Of special importance are the polars Q10, 90o Q1* The polar minimal 
lines of a point P are 

Q=o a4a = f10X1 + f20X2, 
and 

= a a a = fol/It + f2t42 ( = iJ2!) 

Q1Q is the linear polar of t with respect to the X's corresponding to v in f, and 
Q01 the linear polar of q with respect to the ,h's corresponding to { in f . To 
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each point P there corresponds a definite conjugate point P', the intersection of 
the polar minimal lines Q10 , Q0, . The number of points P which have a given 
point P' for conjugate is 

nin + (m - )( - 1) = 2 - m - n + 1; 

only in the case of the circle (m = 1, n = 1), therefore, is the eonjugate re- 
lation involutorial. 

The polar circle of P is, 

Ql = 1a aa, I =f JXsl +12Xl/F2 +.f2lI2/Ll +f22X2/Ik2. 

It is generated by a (1, 1) correspondence: to each ,u corresponds the linear 
polar of : with respect to X **. X , where the X"s are such that with respect 
to the ,u's corresponding in f, U is the linear polar of q. 

Between the polar minimal lines, the polar circles, and the conjugate point of 
any point P with respect to/ , there exists this relation: the pair of lines through 
the given point is cut in the same two points by the polar circle and by the 
polar minimal lines; or the conjugate of P is the inverse of P with respect to 
the polar circle. 

The general properties of the polar curves may be developed by practically the 
same methods as in the projective theory. If the point B lies on the (h, k) 
polar of the point A, A lies on the (m - h, n - k) polar of B. The polar C,l, 
of P with respect to f is also the polar C7,' of P with respect to any polar off . 
The (hk) polar of P with respect to the (h'k') polar of P is the (I + h', k + k') 
polar of P. If P lies on f, all its polars are tangent to f at P, etc. 

? 13. Transvectants.-In the theory of simple binary forms, the most important 
process for the formation of invariants is that of transvection (Ueberschiebung): 
CLEBSCH and GORDAN have shown that this single process, by repeated appli- 
cation, will yield the totalitv of concomitants. An analogous process of double 
transvection (doppio scorrimento), has been applied by PEANOt to the double 
binary forms. 

Let any two forms (not necessarily distinct) be 

X n 
aA afill 101 + b f = a,, 11 = 

their (hk) (loltble trahscvcetant is defined by 

(1) ( fk);k =(ab)h(a13)'at"<-7b" '-7an-kI3j -k 

* In this case the relation of conjugacy coincides with inversion. 
t PEANO Formazioni invariantive della correspondenza, Giornale di Matematiche, vol. 

20, p. 79, 1882. 
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The non-symbolic expression is 

(2) (f.:h)hk = [fhf2AX(UWtt)1 q=x, g : 

where fI 9 2 are the operators defined by * 

1 alm (\02 0\2t 2 }1} a 102 0H2av 

Transvecta-nts are covariants which are linear in the coefficients of each form. 
If f and 0 bave the same orders vi , n, the (mn) transvectant is an invariant 

(fo/). = (ab)"'(aO)n, 

which, as in the case of simple binary forms, may be called the bilinear, har- 
monic or apolar invariant of the forms. 

THEOREM. The locus of pointts wvhose polai- Q, Ds with respect to f ancl 0 are 
apolar is (fo),l, = O. 

For the polar Q, 's are 
flo a m-h an-k a 7i a 

h 1_ _ t 1 X 

therefore their apolar invariant is 

If ad phae te ameorersrn n,th (in h trnsvectnt s nnvrin 

Qhk, 9 Qltjfhk m = = (aa)7`a1-3b)' an, 

monic or apolar invariant of the forms. t t q 

When f and O coincide, the theorem becomes: the locus of points whose polar 
C4 .'s with respect tof are self-apolar is (ffk)hk O 0. 

Consider now the simplest transvectants, which play the r'ole here of Jacob- 
ians and Hessia-ns in projective geometry: 

(M10 = (ab)aA-b`1 6A 
1' 

=,A,. f020 
- 

20010 

(f0) Xcl)A XA ,al, fol10o2 f()2001 

The curve p 0 is the locus of points whose polar X-iiles with respect to 
f and t coincide; for the points if (fs)o, ? the polar su lines coincide. 

If a point lies on both these transvectants, it bas the same minlimal lines with 
respect to each of the curves, therefore: 

Theo-e a}re 2(mn + mn') (it + n') -2(mt + n + mn' + n') + 4 pointts uwhose con- 
jCte points deith n hespect to f ansd v coinaid; these aye the iltehseetions of (fJ)co 
ans (fa)nd , aHsd include the gmn' + get'n iyte:sections off and . 

>)l(m-1) (mb-h + 1)rn(m' -1) (f0 -h + If) 20p 2 O-) 

u7c _kff) 02 02 =fp 
2 n(n 2 1) (n + n') - 2Q ? n+' 7c+ 1) + y oit2 hU2 os1 on 
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The (1, 1) transvectant is 

11 = (ab)(aO)a 
1 
'mb' -'aeL.-ji I-' 

,fll22 fl2022 -f21012 ?f22011 

or, when the forms coincide, 

(ff)II (aa')(aa')at"-l)lt-laj la,'ajj 

2= -2 2f/2f2l 

For this case the first theorem of this section gives: 
The (1, 1) transvectant of two curves is the locus of points whose polar circles 

with respeet to the two ettrves are orthogonal. 
The (1 , 1) trantsvectarnt of a curve over itself is the locuS of points whtose polar 

circles are degenerate. Therefore (ff )I = 0 cuts f in its ininimnal points, the nium- 
ber of the latter being 4mn - 2n - 2n. By a minimal point of a curve is meant 
one where the tangent line is a minimal line. At such a point the polar circle 
consists of the pair of minimal lines through the point. 

?14. Some simultaneous covariants.-Denote the polar circles of a point P 
with respect to the curves P, * *... by C., C, C; **.; so that 

C -aa, 
=fd1IlXHl +fI2XLU2 +I12U2Hl +f22 , etc 

Then, from ? 6 alnd ? 13, 

'(QJ QC ) =f(if)II, (CfC) = (fPiX1' 
(K(CJQQC4CX)= f1l fJ2 f21 f22 = 81 

O11 012 021 P22 

k11 k12 *21 '22 

x11 X12 X21 X22 

Any point P may be colnsidered as a degenerate circle, i. e., as the circle with the 
equation P (X) (yu) 0; adding this to the system of polar circles, we have 

I(QC P) = a,aWa a =f, 

K( QQ CO CP)= fll fl2 Al f22 I 82. 

O11 012 021 022 

-11 *12 X21 / 22 

x 
2/2 

x 
2/1 l \1)2 

X 
181 
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From these formule we can write down at once any covariant which is defined by 
a property of the polar circles and P. Thus the locus of points such that the 
polar circles with respect to f and 0 are tangent, is (ff)II (f10),, - (f f)l = 0 
(? 8). The locus defined by CQ,, C, and P having a common point is 

(ff)11 (f) 11 f 

(Ofh)1 (bb)11 b =0 . 

f 0 0 

The defining property of S1 above is that CQ C? CQ, C, have a common orthogonal 
circle. Symbolically, 

S1 {(ac) (bd) (a/9) (yy8) - (ab) (cd) (a,) (88)}aa 1 * a ... 

Its square is expressible in simple transvectants thus: 

SI= fll 12 J21 f22 X f22 fAl Ji2 If (ff)II (fs)bh (f0)II (fxX)I 

Similarly S2 is the locus of points P for which CQCO CX and P have a common 
orthogonal circle; 

= c { (c) 
(a/9)bry,, - (ab) (ay)cj? } a 1a71b7'1/jl ciflt<-1I 

and 

(2) S2= (ff)11 (fsb)11 (f')h1 f 

f 0 

?15. The dliscriminaiits and the nodal itnvariant.-If in f a='a we consider 
X or ) as being the only variable, and take the corresponlding discriminants, 
we obtain two simple binary forms D1(X), D2(t), which may be called the 
dliscrimninants * of f. Let the symbolic discriminant of a, be A1(a, ); 
it will contain in all 2(n - 1) symbols a, /9, -. Similarly the discriminant 
A (a b, ) of a" contains 2(n - 1) symbols; D, and D are then 2 

~~~~~~~~~12 
(1) ~~~~~DI(X) = 

A,( a , 8 * .. *)a- bA 

D2(u /(a, b, *.)anh *, 

their orders being 2(n - 1)n and 2(n - 1)n. They represent the tangent 
minimal lines of J, the total nlumber of such lines being 4nn - 2m - 2n as 
found before (? 13). 

*CAPELLI, Sopralacorrispondenza (2, 2), Giornale di Matermatiche, vol. 17, p. 75, 1879. 
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XYe consider now certain invariants of f which have simple geometric inter- 
pretations. Let 8= 0 be the condition for two X-tangents following together; 
P1= 0 the condition for an inflexional X-tangent; Q1 0 the condition for a 
double X-tangent; and 8 2 0, P2 0, Q2 = 0 the corresponding conditions 
for p-tangents. 

From geometric considerations, 

81 =apbQ , 2NyapPb QC 

To determine a , b, c we must calculate the degrees of the inivariants. The in- 
variant 8 is the discriminant of D1(X); its degree is therefore 

4(n - 1) { 2m(n - 1) - 1 

Again P1, Q1. equated to 0, are the conditions for the existence of a X 
for which the equation f(X, ,) = 0 has a triple root, anid two double roots re- 
spectively; their degrees may be found then, from SALMON'S general formule 
for the order and weight of systems of equations. * It is thus found that the 
degree of P1 is 6mz(n - 2), and the degree of Q, is 4m( n- 2)(n - 3). 

To determine Cb, b, c, we have then the equations: 

4(n- l){2n(n -1)- 1) = (([N] + 6bm(n - 2) + 4cm(t - 2)( - 3), 
4(mn - 1){2n (t - 1) - 1 a[X] + 6bm (m - 2) + 4en (m - 2)(m - 3), 

where [N] denotes the degree of N. Equatinig the values of a [N], we ob- 
tain b = 3, c = 2; and determiniing ca fromn the values of the invariants fo-e the 
circle, we have 

(2) 81 NP3Q1, 2=NPQ3 2. 

Thle nodal invariant is the gr-eaitest commnon (divisor of the disc)rintintats 8 1, 8,, 
of the diseriminants D1, I D, of f. Its degree is 6m1 - 4(m + n - 1) . t 

? 16. Contravarimits.-Besides invariants and covariants, forms involvinog 
the coordinates of a variable circle are also of geometric imnportance; such a 
form, equated to zero, denotes a coniplex of circles with invariant relations to 
the given curve or curves. The variable circle will be taken in the form: 

(1) C r 11 X1L1 + J12X1bL2 + i21X2/J1 + i 22X2/2 'i 
h 

*SALMOND-FIELDER, Rattvmgeornetrie, 3d edition, vol. II, p. 595, formuel for cases c) and d). 
t The intersection of two surfaces can have a node only if the surfaces are tangential. Therefore 

in the case where f is equi-ordinal, f = a$a,', the problemi of finding, N is equivalent to the prob- 
lem of finding the tact-invariant of a quadric and the general surface of order n. The above re- 
sult then gives a method of finding this tact-invariant by purely binary considerations. The 
degree is 6n2 - 8-1 + 4, as inay also be found from quaternary considerations (SALMION-FIELDER, 

Rauumgeometrie, 3d edition, II, 609). 
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The circle C intersects f = aa in mt + n points, whose coordinates are ob- 
tained by the elimination of X or ) from C = 0, f _ 0; thus we obtain two 
binary forms: 

ENL(X) (f, C)/ = (ap') (ap('))aAr' = A A 

(2)I() - (f, C''),,/O -(ar') ... (acr("1) )alpl . 'p) tn1+1l 

the first representing the X-lines, and the second the p-lines, through the inter- 
sections of C and f. That it is necessary in general to conisider oiliy one of 
these forms is showln by the theorem: 

If C is not degenerate, the forns L and M are equivalxti. 
This is proved by showing that the substitution 

(3) - 
= 

21-1 r2J'2 = 2P,9 

\2 = )11Hl i 1212 = 1PVg 
whose modulus 

- (rr')(pp') = - ' 

is not zero by assumption transforms L into ilf except for a factor. We have 

L (ap') (ap("))p' (a),(' 1))p$ ..)(r'r')p . (' ))p-2 ; 
but 

(i y)(ap)p, c-'a y 
therefore 

The equivalence may also be seeln geometrically; for L and iJl on the circle C 
represent the same points in different systems of linear coordinates. 

From L or J1U a large class of contravariants may be deduced, since every 
invaliant of L or lk is a contravariant of f. Thus to erery inivarian!at of a 
bUiary formn of order in + n, corresponds a conteavai iant of the clotble bitiary 
form f = a"'a" ; this contravariant represents the complex of circles, each of 
which cuts f in m + n points having the property denoted by the vanishinlg of 
the binary invariant.* 

As an application consider the discrininiauats DL and D, of L anid J11. 
The discriininant DL can vanisli only if the circle C is tanogent to f, or if two 
of the points of intersection lie on a X-line-the latter case occurring only where 
C is degenerate. If we denote the complex of tangent circles by (1 , we have 

O__ _ _ _ _ _ _ _ _ D L = J 1 ,) 

* Compare the Clebsch Uebertragungsprincip, LINDEMANN, Geomnetrie, vol. I, p. 276. Similarly 
every covariant of the binary form gives a mixed concomitant of f, i. e., a concomitant involv- 
ing the coordinates of both a variable point and a variable circle. 
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Reasoning as in the preceding article, we find 

(4) D_L = (Dn(n-l) ]) D ,= .'mnQn-i) 

The tangential complex 4) may therefore be obtained by forming either dis- 
criminanlt DIL or Dif, and neglecting the irrelevant complex of degenerate 
circles. Its degree (in coefficients of f ) is 2(m +- n- 1), and its class (degree 
in coefficients of C) is 2mm,n . * 

Another method which is useful in the formnation of contravariants, is founded 
uponi a principle by which froin any equi-covariant, i. e., a covariant which is 
equLi-ordinal-we may obtain a corresponding contravariant; and conversely, 
from any contravariant, a corresponding covariant. Any contravariant Ql of a 
system of forms can be written 

(5) = (tr) (tr') . (tr(7-1) ) (7p) (7p') ... (Tp(kt)) 

If in (5) we put (tr) = t , (-p) = , we obtain a covariant 

(6) V t7cT X 

involving X and ,L in the same orders; and similarly, from any equi-covariant (6) 
a corresponding contravariant (5) rnay be derived. 

From any contravariant Ql, a covariant V may be obtained by substituting 
point co6rdinates X, for the symbols r, p of the variable circle which 
occurs in Ql; aiid from any equi-covariant V, a contravariant Ql may be ob- 
tained by substituting for X, , the symbols of a circle. 

Using the definition of the polar circle of a given circle with respect to a 
curve, which is 'given later (? 24), the geometric relations of corresponding co- 
variants and contravariants are: 

V 0 is the locUs of the vertices of the degenerate circles contained in Q2 = 0 
while Q -= 0 is the complex of circles which are orthogonal to their polar circles 
with respect to the cur ve V O . 

CHAPTER IV. 

CONNECTION OF THE BINARY AND QUATERNARY THEORIES. 

In the preceding, the binary and quaternary methods have been considered 
independently of each other; but the fact that both are methods which apply to 

*The class of the tangential complex may also be obtained from projective considerations. 
The class of F is the number of circles in any pencil of circles, which are tangent to f; it is there- 
fore also the number of lines through a point, which are tangent to f, i. e., it is the (projective) 
class of the curve f, which from PLUCKER'S formula is 

(m + n)(n + n -1)-m(m- 1) -n(n- 1) = 2mn . 
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the same geometry, indicates a certain isomnorphism between the two. The ex- 
plicit form of this connection will be studied in the present section. It will be 
shown how the apolar surface which proved to be fundamental in the quaternary 
theory, also presents itself from the binary point of view; and how we may pass 
from a quaternary concomitant to a corresponding binary concomitant. 

? 17. Parametric representction of the fundamental qpadric.-Consider any 
four circles not belonging to a linear system, 

(1) Cl = a,ac,, C2 bj3 , C3 =CA'Y1 C4 =dX81Q 

In connection with these there are the covariant orthogonal circles 

(2) 0= a,, Ca = b , 

where for example C1 is the circle orthogonal to C23C4, so that 

Ac,au= (b d)(3 )8 (b c)(1 8)d,y, , etc.; 

and the invariants 

= (aa a)(a a'), 12 = (ab)(a/3), etc., 
(3) 

I= l(Clt(a ') (a a'), Ii2 2 (a b)(a ) d etc., 
or 

I', minor of I, in the determinant 1ik 

(4) D= E 234=(a c)(b d)(a13)(y 8) (ab)(cd)(acy)(/38), =D 

D' - K" D3 D' = J=D6. i)-1234 _ j9 02_itkl-0 

Let x1x2x3x4 be homogeneous co6rdinates in space, and put 

(5) px- (1= ag2, pc2= y px 3 = CA9jy, PX4 =Ad dy 

This is the parametric representation of a quadric; for the four circles C C2 C3C4 
are connected by the identity (?7): 

1 ]1,1, C.i =_ o, 

lC, ( 0 

where the left hand member denotes the fifth order determinant obtained by 
bordering the fourth order determinant If,.l . 

The equation of the quadric (5) is therefore 

(6) 
Q = = 

I- 
, R x = E 

IkX1Xk7 = 0. 
x k 0 
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This represents the most general non-degenerate quadric; for the invariants I' 
are independent, and the discriminant 

(7) A = =1',j _ D6= 2 4(ppp"p")2, 

by the assumption that C, C2 C3 C4 are linearly independent, can not vanish. 
Againi the x's may be regarded as the tetracyclic coordinates of the point X, ,u 

the base circles being CC C2C QCQ, and the identity being 0 . 
The tangential equation of Q is, 

(8) u 2 _(P I 6)2 = E l,u,u, = 0 . 
Any circle C = r,p is connected with C, C2( 3C, by the identity [(4) ? 7], 

(9) DrAP,,= (ra ) (p a) C, + (r b) (p )O2 + etc.; 
therefore its quaternary co6rdinates are 

(10) 'it (ar) (ap), 62 (br) (3o), U3=(e) (p), U4=(d1)(8p). 

The formuLe (5) institute a (1 , 1) correspondence between the points (X! ,u) 
of a plane and points x. of the quadric (6). In this correspondence the poilnts 
of a circle in the plane correspond to the points of a plane section of Q; the 
formulhe (10) show how the coordinates of corresponding circles and planes are 
connected. 

? 18. Ihe apolar suiface corresponrding to acn equi-fo'rmn.-Consider any double 
binary form 

(1) f= caaW 

whose partial orders are equal. Such an "equi-form" may be expressed in 
terms of the four bilinear forms C C2C3 C4. For by (9) 17, 

Da,ac- (a a) (aa)aAa,L + etc.; 
therefore, 

(2) D a, a3 [(a (t') (a a') a'a' + (a b')(a ')bA + ...] 

x [(a a") (a a")alall . ... ... ... +.] 

A 

X [(c'(a aol)) (a 
a(l)a) ... ....] Introducing the x's by (1) ? 17, we have 

ovl)dcza, _ A"t, 

where the symbols A are defined by 
(3)= = = == = _ = 

IAl = (a)(a a) =s(a c')(aya')= A i2 = (a b)(a) = (a b')(aS')= 

( A3 = ((ca a(a )=(a c')(ay')=. .. A, = (a (1)(a 8 (<b')(a a 8') 
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Starting with the binary form f = a"a", we obtain in this way a perfectly 
definite quaternary form F = Ax. For all points of the quadric 9, the foim 
F vanishes when and only when f does-that is to say, in space, F = 0 rep- 
resents a surface which cuts the quadric 9 in the curve f =0,-but obviously 
this alone does not determine F. The determination is completed in the 

FUNDAMENTAL THEOREM.-The quaternary foirm F _ A", which correspoids 
[by (3)] to a double binary form f = ca-a", represents that swaface throtgh the 
carve f = 0 on the quadric Q, which is atpolar to Q. 

To prove this, consider the covariant A2Aj:-2 

A 2 D'Z A,AA,= - jIk A,' 2, @-t ikci7- [{tcA 

Ak 0 = 

= 'II/ ! = (a a)(aa) + (aa) (aa) [I7, 0 

t (a a)(aa') (aa)(a a) 

by ? 3; therefore A32A-2 0, and F is apolar to Q (? 3). 
This result gives a method for determining the apolar surface F passing 

through a curve onl Q, which is essentially different from that in ? 9. Let the 
curve be determined by any surface F' = 0 which passes through it; by the 
substitution (5) ? 17, F' becomes a double binary form f = a"a"; then by (3) 
we pass from f to a quaternary form F which will be the required apolar form. 

If Q is taken in the formi 

Q=2x1x4 - 2 r23, 

the parametric representation may be put into the normal form 

x1 X1t1 xV2 = X1Ft2, X3 =21 XT4 =2fL'2 

Then the F corresponding to f = a"a',c is 

F = (a1a1x, + a,a2X2 + a2a1x3 + a2a 2x4) ; 

and the passage from F' to F may be formulated as follows: let 

F' EC CX cX1 Xx , 

where c denotes the numerical and C the literal coefficients; substitute xi 'X/ 
2 mX S 1 = so that F' becomes, say, 

E, ((?lC1 + C2C2 +*C.)tH; 

in this put C = C2= etc.; the result will be F. 

?19. Coincidence of the binary and quaternary polar theories.-It has been 
seen in chapter II that the study of a curve in tetracyclic co6rdinates depends 
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intimately upon the apolar form F; and by means of the quaternary polars of 
F, a complete quaternary polar theory of curves might have been developed. 
This was not done however, only binary polars being considered in ? 12. The 
questionl may then arise, whether curves have two distinct inversion polar theories, 
a binary and a quaternary. 

The apolar form corresponding to 

f= allal, 
is, by (3), 

F = A" = [(a a')(a af)x, +?**] [(a a")(a a")x +* [(a a())(a af))x + ..* 

For the points of Q, we have 
An= D21anan A ,= Daa, 

n-= D n 7a7ayj -k- n,k A7iAn a a_. )n-,X,ag$Dt, 

where y or :, q is any point of Q. Again, since F is apolar to 9, so are all its 
polars AJA"-k. Therefore 

If f a!nd F are corresponding for ms, so are their polars P,J(f ) and P,(F). 
This gives a characteristic property of the apolar surface F. The polar sur - 

,faces of any point of Q with respect to the strface F inter:sect Q in the (equi- 
ordlinal) polars of the satme p)oint wvith respect to the cureve f; or briefly, the two 

-polar theories coincide.* 

?20. Symlbolic relations. t -The object of this section is to develop the form- 
ulde by which, from a quaterniary concomitanlt, we may pass to a correspoiiding 
binary concomitant and conversely. The fundamental quadric, its contrava- 
riant and its discriminant are 

(1)Q 2 p 9 U = )-() pp t)2 ^ = -( ppf'p"')2 = 
2 ft. 

The symbols of binary forms, corresponding to quaternary formlis whose symbols 
are A, B, C will be written , a; b, fi; c, y; *., so that by (3) ? 18, 

A1= (aa)(aa), A= (ab)(a13), .... 

(2) B1 = (ba)(/3a), B2 = (bl)(13/3), ..., 

Ci = (ca/)(ya), C2 = (cb)(QY/)a .. ., etc. 

*Attention is restricted here to the equi-ordinal binary polars, since the others can not be 
represented by a single quaternary form ; if we include all the polars, the quaternary theory 
forms merely a part of the binary theory. 

t For relations connecting ternary and simple binary forms, Cf. LINDEMANN, Sur une repre- 
sentation georn'trique des covariants des formes binaires, B u ll e t i n S o c i e' t i M a t h e m a t i q u e 
de France, vol. 5, pp. 113-125, 1876, vol. 6, pp. 195-208, 1877; also M at h e m atisc b e 
A-nnalen, vol. 23. 
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From these we have the fundamental relations: 

(3) (ABCD) (aa)(aa), (ab)(a13), 

(ba)(,8a), (bb)(1833), 

= alal ala a2a a2 a2 X alal, ala2, a2a1 a2a2 

bl)&, b 1)2 b218, b2)32. . . 

D3{ (ac)(bd)(a/3)(y8) - (ab)(cd)(aQy)(138) } [(4) ? 17] 

(4) ApBp: = (pp'p"A)(pp'p"B) D4 : 1Ai 

_ - I'Ikl Ai = - T I.kl (aa)(aa) + (ab)(a/3)|I>, 

-B,, 0 (b a')(/3a') (ab)(a/3) 

= -D6(ab)(a13) [(5) ? 7 and (4) ? 17]; 

(pp'AB) (pp'CD) = 2D6 (ac) (ay) (ad) (a8) I 

(be) (138y) (bd) (1%8)t 
(p ABC) (1)'DFF) - D6 (ad) (a8), (ae) (aE), (cf) (ao) 

(5) i (ABOCD) (A'B'C'D') = Di (aa') (aa'), (ab') (a13'), (ac') (ay'), (ad') (a8') 

=D6 { (atc) (Sd) (a13) (ry8) - (ab) (ed) (ary) (38)} { (a'c') (b'd') (a'13') (y'8') 

L - (a'b,) (e'd') (a'ry') (13')}; 

(6) Ax Daa,,; 

aQ a Q adQ - 
(pABC)px = ; | , t 

A1 A2 A3 A3; 

B1 B2 B3 B4 

C, C2 C3 CQ 
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and on substituting 

-1 - = a- - O, etc. [(2) ? 17], 2 111 I + - 
I IX 
T-21 _22 

.. 

131 I32 

41 T2 
we obtain 

(7) (pABC)p= DI C C2 -D4 I (ac) (a,8)b,y,7, - (ab) (ary)c,Ay,} 

A1 A2.*. 

_B1 _B2 ... 
31 2 * 
Cl C2..I 

? 21. Transformation of the concomi'tants.-The general G concomitant of 
a system of quaternary forms can be written (? 1) 

S b(p)T, 

where 7 represents the general projective concomitant of the qtuaternary forms 
and the fundamental quadric. We may therefore apply the Clebsch-Aronhold 
symbolism: every G concomnitant of the form A" is symbolically a concomluitant 
of the linear forms Ax, Bx, .... From ? 5, then, S cani be symbolically ex- 
pressed in terms of the types 

0: AX,I ApBp, Api,mp; 
0': (AB CD), (AB CUp)p ., (AB Cu) . 

Furthermore the square of the type O' can be expressed in terms of the type 0 
Therefore S can be written 

(2) 8= R(0) + 'O'J'(O) 

where 1 and Pt' denote rational integral funcetions. 
Every G' concomitant can be reduced to one of the forms 

(3) R(0),I ,0 w(0), 
accordingj as it is eveen or odd (? 1). 

Consider now the syinbolic representation of the concomitants of double binary 
forms. Every colncomitant of aa' is expressible symbolically through the types: * 

(ab), (a.3, a., a. (ar), (Dap. 

*If ?? and it are cogredient we must add the types (a a), a,,, ax, (ap), (ar) ; for distinct 
transformations of Ab and aj, how6ver, such types are not invariant. Cf. CAPELLI, G io r n a 1 e 
di Matematiche, 1879, p. 71. 
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by the general theory of the Clebsch-Aronhold symbolism. If we limit ourselves 
to equi-forms f = a"a", every equi-concomitant B is symbolically a concomitant 
of the bilinear fornms aa b b , . and therefore (? 6) expressible through the 
types 

Qi: [ab] = (ab) (aid), [au] = (ar) (ap), {aX} =aa 

[abcd] ={ (ac) (bd) (aid) (V8) - (ab) (cd) (ay) (%8) } 
Q': [abcut] = { (ac) (aid) (br) (,yp) - (ab) (ay) (cr) (Idp)} 

{abcX} = {(ac) (a/3) bAYp - (ab) (ay) c8/3,1} 
Of the second type fl', only the first power is necessary (? 7); therefore 

(5) B = R(fQ) + ,Qf'R'(f2). 

Those B's which are invariant also for the transformations H, that is, con- 
comitants of the group G', can be reduced to one of the forms: 

(6) R(Q),9 ,' f ' '(n) 

the first characterising those of even, and the second those of odd character.* 
If now the forms f = a"a' and F = F' correspond in the sense of ? 18, the 

types fQ, Qi' and 0, O' are connected by the relations given in the preceding 
section. From (2), (3), (4), (5) we have then the funidamental 

THEOREM.-FrOm every equi-concomitant of a system of double birnary equi- 
form/s, may be dlerived a concomitant of the system of corresponding (apolar) 
quaternary forms, by substituting for every type symbol fQ, f' a corresponding 
type symbol 0, 0'; conversely, a bintary concomitanit may be derived from every 
quaternary concomitant. In this transformation an even G' concomitant remlains 
ant even- G' concomitant, and an odd remains o(ld. Geometr-ically, corresponding 
concomitants are eqtiva.lent, their vanishing having the same interpretation. The 
equivalence holds also in an algebraic sense, since corresponding forms are connected 
by the same syzygies, and a comiplete system remains complete after transformation. 

Another set of relations is obtained by considering, instead of the G and G' 
concomitants of the quaternary forms F, F', **., the ordinary (projective) 
concomitants of the enlarged system: t 

Q, F, F', 

* By the method employed in Q 1, it may be shown that for G concomitants the factor pro- 
duced by transformation is of the form D"D1, where D1 = (ad --be), D, = (aJ- 3y), (4) i 10; 
and for GI concomitants the factor produced by the transformations G is of the form DkD1, while 
that produced by the transformations H may be either D kD' or - DkD, thus creating the 
distinction of even and odd G' concomitants. 

t Here, and in the following relations, the coefficients pik of the fundamental quadric Q are 
not regarded as numbers, i. e., they are not included in the domain from which the coefficients of 
concomitants may be chosen, as was the case in the preceding. 

Trans. Am. Math. Soc. 31 
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From ? 5 it may be shown that every such concomitant T, multiplied by a suf- 
ficiently high power of A , can be symbolically expressed in one and olnly one 
of the forms 

(7) R(A , 0)? ?/Xt(A 0) 

the first form characterizing those of even, and the second those of odd weight. 
Employing the same symbolic transformation as in the preceding theorem, and 
comparing with (6), we obtain this result: 

The cqui-ordinal G' conconmitants of a system of equi-forms 

f tA ,, A f _ / be' I '2 

may be obtained1 from the ordinary concomitants of the fundamental quadrw ie Q, 
andI thle corresponding apolar quaternary forms 

F~ Ail, F'=Bni, 

The converse is also true. 
Every G concomitant is the sum of two G' concomitants; for denoting 

by G the result of operating on the concomitant G by means of an improper 
transformation,* we have 

GG + G G -G 

2 + 2 

Therefore fram every equi-concomitant of the binary forms, we can obtain in 
general two concomiitants T. Complete systems stand in this relation: 

Thle binary concomitants corresponding to a complete T systema form a complete 
equi-binary system. Tle T concomitants obtained from a complete cqui-binary 
system, together with the dlscriminiant A, form a complete T system, provided 
A` is regarded as an integral invariant. 

? 22. Ewxamples of the tranr^formaation of concomitants.-The Hessian of 

F = A" 
is 

(ABCD)2 An-2. 

if we apply (3) and (6) of ? 20, and the symbols defined in (1) ? 21, this be- 
comes (omitting powers of D) 

(1) [abed]2 {aX}'-2, 

which is the corresponding binary form. Expanded, 

* We may derive G from G by interchanging, in the symbolic representation of G, a with a 
and A with ,u. 
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(2) [abed]2 (ab)(a13), (ac)(ay), (ad)(a8) 

= 2{ (ab)2(cd)2(a/3)2(y8)2- (a)(bc)(cd)(da)(a3,)(f3y)(,y)(8a) } 
{ }aX -2 = n-2aii-2 

The Jacobian of four surfaces An, Bnl, cQ2 Dn3, 

J= (ABCD)A n-lBo-' Cr 2-1Dis'-, 

becomes = [abed] {aX}n-1l{bX}nl-l{cX}n2-1{dX}?3-1 

which coincides with the covariant S1 of ? 14. The non-symbolic expressions 
are therefore 

J= FI F2 F3 F = fflf 12 A1 f22 2 
51 02 03 04 5 ll OS1 2021 S22. 

If one of the surfaces is the fulndamental quadric Q, the Jacobian becomes 
(AB Cp)A'-lB'1- 21'P 1P with the binary equivalent 

{abeX} {aX} n-{bX}bl"-I{eX}-- = f22 

I 512 521 522 

O11 '12 '21 '22 

IH 1 - - 1FL2 X212 

which is the S2 of ?14. 
Consider now, as an example of the second kind, the problem of expressing 

binary transvectanits in quaternary form. Let the binary forms be 

f = aM al ? bl?" 
1 

and the corresponding quaternary, 

17 =i A2,' (f ) = ? 
The transvectant is 

(f55)1, = (A)a(afl)at 7kb a'fk/3fl 

Therefore, applying (4) and (6) of ? 20, 

(3) Drn? 'D(f5+)4 = ApAp, * Ap(k1)BpBp, Bp* . BJfI)_A- k-Bn. 
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? 23. The osculating circle in invariant form.-As an application of the pre- 
ceding methods, consider the problem of determining the osculating circle at a 
point of the curve f a"an = 0. Let the corresponding quaternary form be 
F=An; then by applying HEssE's formiula * for the osculating plane to the 
space curve 

F 9_ An= 0_ o, Q _ 9=O X~A~ , Q x~. 

the osculating circle C0 at the point Y, is found to be 

(1) 0'~~ G(y) EF~(y)xi -H()Qy) =0 (1) C/ 9 (y) E~~ F()I-(y)E Qi(y)xi = ? 

where G and H1 are the covariants 

&- QkI F.i __ IFiI Qi 
F 0 (n-t) Q 0 

To obtain the corresponding binary forms we must write these symbolically, 
the results being, 

G- A1BpAn-IBn- 

6(n - 1)2 (_pABC)(p'ABC)pxp'An-2 Bn-2 CJ-2 

the binary forms are therefore, 

g= (ff )11 , 

6(n - 1)2 {(c)(a)bAyg (ab)(ay)c,/3,j2a 2tA A 2c /22fl_2r_2 

The osculating circle at the point P= 9, q is 

(2) C' = g(-l h(ra)nIa)(?a) =0 . 

This can be put into niore convenient form by introducing the degenerate circle 
at P, 

P -( 0)Q )=0, 

and the polar circle at P, 

C an-<a na-I = 0; 

equation (2) may then be written (omitting the arguments 4y in g and h), 

(3) C'= gO -hP. 

* HESSE, Cr elI e, vol. 41, p. 283; or SALMON-FIEDLER, Raumgeometrie, 3d editionI, vol. II, 
page 156, line 1. 
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The invariant of C' is 

I(C'C') = g2I(CC) - 2ghI(CP) + h21(PP); 
but 

I(CU)=(ff )11=g, I(CP) = f, I(PP) =O; 
therefore 

I(C'U') = g(g2 -fh) = g3 

since onlv the points #, X on the curve f are considered. 
The osculating circle is degenerate only at the points where g cuts f, i. e., at the 

minimal points of f (? 13). 
If h - , C'coincides with C if they coincide, either h = 0 or C is degein- 

erate. Therefore: 
The points of f where the osculating and polar circles coincide without degen- 

erating, are cut out by the curve h; their number is 2n(3n - 4). 
From the orders of g and h in q, X we have: 
Through any point of the plane, pass 6n(n - 1) osculating circles of f . 

? 24. The apolar * relation of curves.-Consider any two C, ns 

f= a7 an =0, f'=bnf3n=0. 

Two Onn's ar e said to be harmonic, conjugate, or apolar when their bilinear in- 
variant vanishes. 

The bilinear invariant is (? 13) 

(1) (ff')X = (ab)n(aI3)n = Z(- 1)/+, (n) ( ) ah,nh n-k- 
h, k-h)k 

Let the corresponding surfaces be 

(2) F=A)'= , F'=B1= 0, 

and their reciprocals with respect to Q, 

(3) 4 a 6= O b' u = O . 

The polar of the plane u has the co6rdinates upP.; therefore 4 and 4' may 
be written 

A pAp, Ap(n-l)up ... Up(71- ) = vPI 

_ BpBp Bp(n-1Tp ... p(i-1) = Un 

from which 
Pi= , v= B 

* The apolarity considered relates of course to the geometries (A) or (B) of the introduction, 
and is distinct from ordinary (projective) apolarity: two plane curves which are inversionally 
apolar are not in general projectively apolar; and conversely, projectively apolar curves are not 
in general inversionally apolar. 
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But from (3) ? 22, 

(.ff')n Ap** Ap(n-l)Bp ... Bp(n-1); 
substituting the values of either p, or o., we have 

(4) (ff)nn (ab)?(a/3)'n = A" = B'i. 

The invariant A>, however, is the bilinear invariant of the surfaces F and 4', 
and Bn is the bilinear invariant of F' and b. Therefore, 

If Onn and C', are harmonic, so ar-e the surface corresponding to either, and the 
reciprocal with reslect to Q of the suirface corresponding to the other.* [Added 
Sept. 28, 1900. More generally, ever y surface of the bth order through the olle 
curve, is apolar to the reciprocal of the surface corresponding to the order.] 

An interpretation of the apolar relation of C"n and CtJ can also be obtained 
without passing to space. With respect to the curve f = 0, every circle r,p,' has 
a polar circle (ar)(ap) * * * (ar(-2))(ap(a-2))a a_ 0; from the binary form of 4, 

(5) 4=(ar)(ap) **. (ar(. - 1).ap(11-1) 

we see then that 4 can be defined as the complex of circles which are orthogonal 
to their polar circles with respect to f. Similarly 4' is the complex of circles 
which are orthogonal to their polar circles with respect tof'. The curves f and 
4 stand in the following reciprocal relation: f is the locus of the points con- 
tained in 4), and 4 is the complex of circles which are orthogolnal to their polar 
circles with respect to f . If f and f' are harmonic, so are the forms F and 4', 
and F' and 4). 

Iff andf' are cyclics, the bilinear invariant is 

(6 22= (O0b22 -2Olb21 + a02b20 -2al0b12 + 4allbll (6) + a,ff')22aa0olb+2a 4 1+a 4 - a 
?a22 00 2a2lb01 + 20102-2a 12 

When the cyclics f and f' are apolar, the quadric 4 is inscribed in an infinite 
number of tetrahedra whiclh are self-polar with respect to F' and a similar rela- 
tion exists between 4' and F. 

In the plane the relation may be giveln by introducing the notion of circles 
which are conjugate with respect to a cyclic. The polar circle of any circle C 
with respect to f, is the locus of points whose polar circles are orthogonal to C; 
two circles are conjugate when each is orthogonal to the polar circle of the other. 
If then we call a set of four circles which are mutually conjugate a self-conjuigate 
set we have: 

If two cyclics f, f' are apolar, the complex 4 of circles orthogonal to their polar 
circles with respect to f, contains an infinity of sets which are self-conjuyate with 

* A corresponding interpretation of the conjugacy of two simple binary forms is given by 
SCHLESINGER, Ueber conjugirte binmire Formen und deren geometrische Construction, Ma t h em a - 
tische Annalen, vol. 22, pp. 520-568, 1883. 
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respect to f'; and similarly with ?b' and f. Conversely, if p and f' or O' and f 
stand in this relation, f and f' are apolar. 

The importance of this theorem lies in the fact that it will serve as a basis for 
a synthetic theory of linear systems of cyclics, similar to that which has been 
developed for conics :* for a linear v-membered system of cyclies, 

tlfl + V2f + + tVQf, = ?, 

may be defined as the totality of cyclics which are apolar to 9 - v linearly inde- 
pendent fixed cyclies. 

? 25. Quaternacry methodsfor the general double binaryfornz.-For the qua- 
ternary study of forms 

f=(twKan 

whose partial orders are different, we may, pass from f to an equi-conlcomitant. 
Thus we may consider 

(ff)KO (atb)Ka$k . 

The concomitants of this form may be studied by quaternary methods; but they 
will not, of course, include all the concomitants of f. 

A system of equi-forms which is equivalent to f is given by any one of the 
systems of polars: 

p - a K(Ia or P7 = aK+?ca15a-A (h-i, 2, * , X i). 

A quaternary method of treating f consists then in the study of the (1, 1) cor- 
respondence, defined by Ph= 0, between the points (ky) of Q, and the two- 
parameter (non-linear) system of surfaces of order n - h, which corresponds, 
by ? 18, to Ph= 0; or, in the study of the (1, 1) correspondence, defined by 
Po = 0, between the generators X = t of one series on the quadric Q, and the 
one-parameter system of surfaces of order n which corresponds to PO =0. 

CHAPTER V. 

THE CYCLIC CURVES. 

In tetracyclic co6rdinates the cyclic is represented by the quaternary quadric 
form a2, and in minimal co6rdinates by the quadri-quadric double binary form 
a2ac . The first representation brings the inversion theory of the cyclic into rela- 
tion with the theory of two quadric surfaces, while the second connects it with 
the general (2, 2) correspondence. The relation of the two points of view is 
most easily grasped by passing from the plane to the isomorphic problem in 

*DARBOUX, Bulletin des Sciences Math rmatiques, vol. 1. REYE, Ueber Systeine 
und Gewebe von Kegelschnitten, Cr el I e, vol. 82, pp. 54-83, 1877. 
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space of a bi.quadratic curve of the first species on a fixed quadric Q; for such 
a curve may be determined either by cutting Q with another quadric or by es- 
tablishing a (2, 2) corresponidence between the two systems of generators on Q. 
The previous methods will now be applied to the discussion, from both points 
of view, of the concomitants of the cyclic-their complete systems, relations and 
geometric interpretations.* 

? 26. System of two quadrics.-Let the identity be U'=- E pik,XXk = p2 0, 
and the equation of the cyclic 

U = aixixk = a = 0; 

theni (? 4) the concomitants of the curve may be derived from the projective 
concomitants of the two quaternary quadrics U', U. Denoting the correspond- 
ing class quadrics by 

the invariants are 

I'= (pp'p'jY"1)2 =p2,A~acd21~ 

0' - I(pp '}?"a)2 a 0 =1 - (pab C)2 -)2 -} 7p'p") P2 p 6l-Pb) ) 

-1 -(_pp?ab)2; 
the covariants are 

U = a U' = p 

sI a pbpax6. =x)t Pft .9 fx Z 

=I = 1 (abpp')b6cfjpep'pcta cw p"; 

and the contravariants are 

It - (abcu)2, o' = u=, 1)''')2 

T -2 (pp'aU)2, = (pabU)2 

= 1tPu; (pp'au) (p"lbt) . (7 

1p p 1) ) (ap") 

( ppttb) ( j'7P"bc) (aj)'rbc) 
* A non-invariant discussion of these cyclic curves or bi-circular quartics is given in DARBOUX, 

Sur une classe remarquable des courbes, etc., I'aris, 1872, reprint 1896. 
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In terms of these fifteen forms: * 

Al A% 0, 0, W, 

(E1) ~~~~~~u, U' SI S' Yt ! 
t t O'f , ' ff , I T , w 

every concomitant of U, U' involving at most one series of variables, can be 
rationally anld integrally expressed. 

Referred to their common self-polar tetrahedron, the quadrics may be written 

U'=De2]x, U = 2a iX2 u= z i U , iS ; 

and the complete system (E1) takes the normal form: 

A'=j, - 0=Ea , = Zaa 0 = Eaakal, A = a a2a3a4; 
U' = X2 U= Za ,Sc ' -: 2X2 S a,a,a . X 

= (a, - a2)(a1 - a3)(al - a4)(a3 - a4)(a4 a,)(a2 - a3)X1X2X3X4; 
(1) 

=' = ,U2 T t - (ak + a,+ ?a U 

T j(a,ka, + aian + a,a,) t2 af Eaaa1a? u. 2 

CO, (aI - a2)(a, - a3)(al - a4)(a3- a4)(a4 - al)(a2 - a3)U1U2U3U4 

?27. Quaternary system of the eyclie.-According to the method of ?4, to apply 
the above results to the cyclic, we must replace U by that miember F, of the 
pencil U+ k U', which is apolar to U'; this apolar quadric is [(6) or (7), ?3] 

0' 
(1) F= A2 = A'U 4 U'. 

lthe complete quaternary 8ystkin of the citirte Consists thent of the " identical' forsm 

'so c n t f u n2 

(so called since it is the same for all cuLrves), andI of the prop)er concoitmitant8 

* A non-symbolic discussion of these forms is given in SALMON-FIEDLEP, Raumgeoinetrie,vol. I, 
Chapter XI. I have not thought it necessary to give the syimbolic calculations by which the 
above results are obtained, as they are similar to those which occur in the corresponding ternary 
problem; cf. GORDAN'S system, CLEBSCLi-LINDEMANN, Geometrie, vol. I, p. 291. The com- 
pleteness of ( Y) may be proved by comparing with MERTEN'S equivalent system, Wi e n e r 
B e r i ch t e, 1889, 2 A, pp. 733-8. 

t There is no invariant corresponding to 0' of E, since in the present case A' = 0. 
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1I 1(pp'AB)29 J- J(pABC)2, k 2-1(ABCD)2; 

F=A , G= A B AB, H pff PA P_ p' 

(2) Y= l(ABpp')BPC 7pAxCpxp"; 

I ( t )29 + BU)2, X UA2 1 (pp'A), lk=-(pAB2 x U= 2 

Z = l(tAu_(pp AU)(p Boa) Pp A- 

pp pp Ap 

(Ppp"BC) (p'p"BC) (Ap"BC) 
These concomitants: 

I, f, K, 

(E2) ,~~~F G _U Yg 

(, , H, X , 

are also, by (1), concomitants of U' and U; it follows that (Z2) is expressible 
integrally through (b) . To obtain the explicit relations, it is sufficient to con- 
sider both systems (Z1) and (Z2) in their normal forms; the normal form of 
, has been given in ? 26, and similarly the normal form of Z2 (omitting the 

idenitical form) is 

I- l aZa, 9x = li3l 9 H= Zi/3d33 9 

F_ Ea,82 _ 182X2 -a 7808"a.2i 

(3) Y (/31 - 12) (/33 (- 134)X1X2X3X4; 

+ it62i ~9 + (I + 82i)jt2. 9% h l42 

Z (/31 - 82) (/33 -/4)a1(2u31tt4. 

The a's and /3's are connected, from (1), by the relation 

a 4 9 

so that 0 = 0. Introducing the value of /,3 in the above normal forms, and 
comparing the results with (1) ? 26, we obtain, after some calculation, the re- 
quired relations between Z1 and Z2 as follows: 

81= 8A'2z 3-I012 

16J = 16A'30 - 8A'20'1 + 2A'0'3, 

(4) 256K = 256A'4A - 64A'30'0 _ 16A'2012_ 3A-0,4 

4F 4A'U- 0'U', 

16 G 16A'2S' - 8A'0' U + 02 U', 
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64H=. 64A'3S + 12A'0'2U- 16A'20'S' + (30'3 _ 160)) U', 

Y= A4yY' 

4= 4A'"-' 30- , 

16k = 16A1'2r 8A'OY'r' + 30'2&+ 

64X% 64/A'30 A'20'-r + 4A 0'2 T' + 0130-1I 

Z =A14( 

The formulke (2) give the concomitants of the cyclic in terms of the identity 
U' = 0 and the apolar form F, while the formulke (4) give them in terms of the 
identity U' = 0 and the most general quadric U which can represent the curve. 

It is convenient, for some purposes, to replace the covariants of the system 

Z2 by the corresponding apolar forms: * 

II J 
(5) F,G1= G?+ 2 U, ll>H- 4 U , Y. 

?28. Binary systewn of eqiti-fornms.-The quaternary system Z2 of the preced- 
ing article will now be transformed so as to apply to the cyclic represented by 
the double binary form 

f= a2a2, 

the method being that developed in ?21. 
For the invariants, the formuLe (5) ?20 give t 

41= (pp'AB)2 = 2 j(aa)(aa) (ab)(a13) - 2(ab)2(a3)2; 

(ab)(a/3) (bb)(/3/3) 

6J= (pAB 0)2 _ - 0 (ab)(a/3) (be)(ay) 

(ba)(j3a) 0 (bc)(j3y) 

(ca)(,ya) (cb)(,y13) 0 

2(ab)(be)(ca)(a/3)(/38y)(,ya); 

24K= (AB CD)2 = {(ac)(bd)(a,8)(,y8) - (ab)(cd)(ay)(,88)} 
= 3(ab)2(ed)2(a,8)2(yy8)2 - 6(ab)(be)(cd)(da)(a,8)(,83y)(,y8)(8a) 

= 2(ab)2(cd)2(ay)2(,88)2 - 6(ab)(bd)(ac)(cd)(a,8)(,88)(ay)(,y8). 

* That Y is apolar to Ul, is a special case of the easily proved theorem: the necessary and 
sufficient condition in order that the product of a number of linear forms shall be apolar to a 
quadric, is that each linear form shall be conjugate to every other with respect to the quadric. 
It will appear later (230) that Y satisfies this condition. 

t The D which appears in 220 is here taken as unity for convenience. 
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Denoting by f, g, h the covariants corresponding to F, G, H, we have, by 

(5), (6) ? 20, 
f a= g 2a(ab)()aAbA,3 

h { (ac)(ac3)bAy,J - (ab)(ay)cA, } 2; 
while Y, the Jacobian of U'FGIIi, becomes (? 22) 

Y= f1I fl2 f2l f22 
911 912 g21 g22 

h11 1l2 ^h21 h22 

-2k2 X21 -X1F2 Xj1H 

The contravariants are 

0'= (rr')(pp') f 

= (ar)(ar')(ap)(ap'), 

= - (ab)(a13)(ar)(br')(ap)(13p'), 

X= { (ac)(ac3)(br)(,yp) -(ab)(ay)(cr)(13p) } { (ac)(a/3)(br')(,yp') -(ab)(ay)(cr')(Q3p') }, 
Z = Jacobian (o"'44X) . 

Thus the equi-binary system of the cyclic, or the complete system of invariants, 
contravariants and equi-ordinal covariants of the quadri-quadric 

f = u2a 2 
consists of the forms: 

I, J, K, 

(E3) f, yhg Y, 

09 * Xg Z9 C 

Of these ', since it does not depend upoln f, may be called the identical contra- 
variant. 

?29. Non-symbolic values, and normal form of E3.-In expanded form f is 

f (a 00H2 + 2aao0gy2 + a022)X2 

(1) + 2 (al0H)2 + 2a1j,yH2 + a122)X1X2 

+ (a20u2 .+ 2a21 1H2 + a2ji1)XA2 

If we take for the fundamental quadric, 

(2) U'=2x1x4 -2x 2x3' 

the transformation formulhe may be written 

(3) X1=X 11 9 X2 = X 2 X3 =2/1, X4 =X2U2' 
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and the quadric corresponding to f is (? 18) 

F = EAikZZ7- 9 
where 

All a(too A12= aol, A13= a10, All = all A 22 = a02 
(4) 

A23 aII, A24 = Ct11, A33 a20, A34 - a21, A44 -22 

The concomitalnts 3 of f may then be obtained directly from the concomitants 
of U', F. The invariants are obtained by forming the discriminant of U' + pF: 

(5) D(p) All A12 A13 A14 + p aoo aoi a1o all + p 

'A21 22 A23- pA24 a01 a02 a11-Pa12 

31 A32 pA33 A34 a10 a11-pa20 a21 

A A41 + p A 42 A 43 A44 all + p 1? 12 a21 a22 

p4 + ?p2 + Jp + K. 
The expansion gives 

1= 2(al0a12 + aola21 - a aOO)a22 - aO2a20 

(6) J= 2 aoo ao0 a02 , K-' aoo ao0 C%vio a11 

a10 '11 a12 a01 a02 a3 11 a12 

a20 a21 a22 caot a1l a20 a21 

a11 a1 12 a21 a22 

Similarly, the covariants may be obtained from 

o \2I2 - 2/U1 - X1I)2 XA1 

X2kk2 ao0 a01 a10 (a11 + p 

(7) \2P1 ao0 a02 all -p a12 =p2f- pg h- 

- \142 a10 a11- P a20 a21 

x1ii1 all + p a12 a21 a22 

and the contravariants from 

o r1l r12 r21 r22 

(8) r11 a00 a01 a10 a+p = p3 + p2o + pp + X 
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It will suffice, for later applications, to write down the explicit values of the 
covariants and contravariants only for a certain normal form which will now be 
considered. The normal quaternary formi of the cyclic is 

[A] U' Ey= 
F = E y 2) 

This, by the substitution: 

s/2y 1=x? + V49 x2x1= Y1 + cy4, 

iV2y2 =2 + X3, 2x2 =y3 + CY2' 

(9) 
V2y3 =x2 -x3 /2x3 =Y3 -CY2 

iV2y4 =x- Ix4, 4 v2x =y1 cy4, 
becomes 

U Xz1QQ -2xx3 
[B] ~ ~ u= k(xlx +-x 23~ 
B] - 7= k (X2 + X2).+ l(X2 + X2) + 2m(xlx + 2x3)' 

where 
2k= I1 34 931= m + k, 

21 = 13 312 9 2 m , 
(10) 

2m= 1+?349 183 =M+ 19 

-1'12 183 134- n k. 
Finally, by (3), 

[C] f -kX2p + l1X2p + 4mX,L1X2p 
2 

+ lp1X2 + kX2. 

The gener al cyclic can be reduced to any of the nonnmal foimnis [A], [B] , [C] 
each contains two essential constants as it should, since the cyclic has 8 - 6 = 2 
absolute invariants. 

For the binary normal form [C], the system 3 iS 

I= - (k2 + 12 + 2m2), J 2m(k2 12), (n2 - k2)(n2 12); 

f = k(X2P2 + X2P2) + l(X2p2 + X2p2) + 4mX1Xgy, 

g 2km(X2p2 + X2p2) - 2lm(X2p2 + X2p2) + 2(k 2 _ 

h k(12 Mn2) (X2p2 + X2k2#) + l(kc2 _ m2) (X22 + X2p) 

2m(k2 + 12 - 2M2)1 X2111L2, 

y - /(X2k2 _ X\2j2) (X2 -X2 2) 
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=" 2'r1122r- ' 211 22 - t12r2l 

= - k(rl21 + r122) 1(r 2 + r21) - 2m(r11r22 + r12r21) 

= 2km(r21 + r.2 - 2lm(r 2 ? 21) - 2(12 + m2)r11r22 +2(k2 + ,n2>.1'i 

X = k(i2 - Mn2) (, + 22) + l(k2 - 1n2)('22 + r'l)2 

- 2m(12 - m2)ij1 ?r22 - 2in(IZ2 - )12)'21 

Z =_- ~/8({ -1 r22) ('12 2 
where 

= 4kl{(k2 + 12)2 - 16M41}. 

? 30. Thle polar-s and the covariants.-If we apply the definition of ? 20 to 
the cyclic 

A jm2a 
2 

we see that every point P (, j) has five polars Qlo 9 Qol 9 Ql' Q12 Q21' 

whose expressions and geometric definitions follow. 
The polar minimal lines, 

L'`=a4aNaA= , =0 '_ ata0a =0 

are the harmonics of t (or ) with respect to the X-lines (or p-lines) which corre- 
spond to v (or :) in f. The polar circle 

C'!= actOaAka,L - 0 

is generated by the following correspondence: to each , corresponds the harmonic 
of t with respect to that pair of X's, to each of which corresponds in f a pair of 
,'s harmonic to X and ,u; and to each X, etc. The polar circle, then, cuts 
each of the minimal lines through P in the harmonic of P with respect to the 
intersections of the minimal line and the cyclic; and the conjugate point P', of 
P with respect to f, which is defined as the intersection of L' and Ml', is the 
inverse of P with respect to C'. The polars, 

Q21= A Q12 = /I 2 

are the loci of points whose polar ,u-lines and X-lines, respectively, pass througl 
P; their intersections give the five points whose conjugates coincide with P. 

It is convenient in the discussion of the relatioln of the polars and covariants 
to consider the cyclic in its quaternary normal form [A] ? 29. If the coordi- 
nates of P are.xt, 

the co6rdinates of O' are Wix 

(1) " " 
l3lI3mFXii 

and "' "; F' "i (2/3.F )- 



482 E. KASNER: THE INVARIANT THEORY [October 

where C" is the " anti-polar " circle of P, i. e., the circle orthogonal to the polar 
circles of all points on the minimal lines through P. The polar and anti-polar 
circles of any point are orthogonal; for 

I( CC") = Z31)323334x ? 0 

The invariants of P, C', C", P" are 

I(PC') = F, I(PC") = H, I(C'C') G, I(C'C") 0, 
(2) 

I(0'P') = FG, I(C"C") = JH- KG, I(P'C") = - GH, 

as may be proved by (3) ? 27. From these we obtain the following interpreta- 
tions. 

The curve F= 0 is the given cyclic; its poilnts are characterized by the fact 
that the polar circle of each passes through it. 

The curve G = 0 is the locus of a point whose polar circle with respect to 
F is degenerate; it is also the locus of the vertices of degenerate apolar circles. 

Finally, the locus of a point whose anti-polar circle passes through it, is Hf - . 

If P, C', C" have a common point, then 

0 F H F2(KG- JH) -G2 o0 

F G O 
H 0 JH- KG 

and if the polar and anti-polar circles are tangent, 

T(KG- JII) =0. 

The conjugate of the conjugate of P has the coordinates: 

[213,{ + F2(IF + H) + 3FG2} + 4F2(JF + IG) + 4FG(IF + G) + G3] Xi, 

so that the locus of a point whose second conjugate lies on the same minimal 
line is 

2F2{4F(IF+H) +3G2} O= . 

Consider now the relations of the polar circles of a point with respect to F, 
G, H; these circles (? 19) are to be found from the apolar forms of the covari- 
ants as given in (5) ? 27. The coordinates are as follows: 

P : , CG: (13X CG 2 )i 

(4) I J\ 

CF: i3ivrat Ca re x 

Their invariants are 
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I(PCF)= F, I( CFCG)= 2F-H I(CFC )=-4 F, 
J I 

(5) I( CGCG)=JF, I(CGCH) K -4JG+-H, 

I(CHCH) = H- KG. 

From these we obtain the (1, 1) transvectants of the corresponding double 
binary formsf, g, h [(1) ?14]: 

(Iff )11 JC C) ' (A)I- 2-h, vh),, - 4f' 
(6) 

(gg)ll =Jf, (gh)II = j IE- 4 g-2 I (hh)ll = 2 K-g; 

and the substitution of these values in (2) ?14 gives the reduction of Y2 as 
follows: 

Y22 I J 
2 -22-h -4 f 

-2-f- - J -h-K2h 

-4f Kf -4g 2 2h h JiKg h 

f g h 0 

From ?14 and the normal form (3) ?27, we have: 
The cnrve Y = 0 is the locus of a poilnt which lies on the orthogonal circle 

of its polar circles with respect to f, g and h; this locus consists of four mu- 
tually orthogonal circles, the " director " circles of the cyclic. * 

? 31. The diseriminants.-As defined in ? 15, the discriminants are 

D1(X) -2(ff)20 = 2(a/) AA 9 

D2Q)- 1(ff)02 1-( )2a2( 12; 

and for the normal form [C] ? 29 they are 

Dl(X) = -1ki4 + (4mn2 - 2 12)X2 -k 

(1) 
D,(1) - klIZ4 + (4mn2 -2 12)2 - k. 

* The covariant curves cut f in the following points: g, in the 8 minimal points ( 13) ; h, 
in the 8 points where the polar circle is also the osculating circle (023) ; Y, in the 16 points 
where the osculating circle has 4-point contact (CLEBSCH, Crelle, vol. 63, p. 9, gives the space 
theorem corresponding to the last result). 

Trans. Am. Math. Soc. 32 
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Calculating the invariants i, j of these biquadratics and comparing with the 
values of I, J, K in (11) ? 29, we find 

(2) 6i1= 6i2 I2 + 12Kfi, 36j 3622 13 + 361K -6J2; 

these are also the invariants of 

D(p) =p4 + p2 + Jp + K, 

where D(p) is equal to the characteristic determinalnt of the two quadrics U', 
F. This gives FROBENIUS' generalization of CAYLEY'S theorem :* 

The discririnants D1, D2 and the characteristic biqutadratic D, have equal in- 
variafnts. 

Equated to 0, D1(X) and D2(Qi) represent the four X-taligents and the four 
,u-tangents of the cyclic; Cayley's theorem then states that these two sets of lines 
have equal anharmonic ratios. 

The minimal points of f, i. e., the poilnts of contact of the minimal tangents 
D1(X) = 0, D2(Qu) 0 O, are cut out (? 13) by the (1, 1) transvectant 

(ff )11=g ?0; 
but from (6) ?"0'0, 

(gg)11 Jf; 
therefore the minimal points of f are also the minimal points of g. The dis- 
criminalits of q: 

E1(A) =20(gg)20, E2(Q) =2(9A2 

have then the interpretation: E1(X) - 0 represents the X-lines through the 
points of contact of the ,u-tangents DQ2( )= 0; and E2Q() = 0, the a-lines 
through the points of contact of the X-tangents D1(X) =0. 

The normal form [C'] of E1 is 

(3) E1(X) = 4kl)n2X4 + {(k2 _ 12)2 - 4mn2(k2 + 12)}X2 + 4k1m)2; 

comparing this with D1 alnd its Hessialn HD, we obtaini the following for E, (and 
similarly for E2): 

(4) F, -3 Dl 2II-1I, E2 1-3 D2 2HD; 

it follows that the quadruples of X-lines represented by D1 and E, are not inde- 
pendent, but connected by the fact that the sextic covariants of both represent 
the same six lines. t 

*CAYLEY'S theorem states the equality of the invariants of D1, D2; CAYLEY, Quarterly 
Journal, vol. 11, p. 83-91; other proofs have been given by CAPELLI, ZEUTHEN, LEPAIGE; 
FROBENIUS' generalization, C r e ll e ' s J o u r n a l, vol. 106, p. 129, 1890. 

t CLEBSCII, Bitndre Formnen, Q 51. 
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The application of the formule in CLEBSCH'S Binire Formen ? 41, gives 
the concomitants of E1 as follows: 

9i'=412i-241j + 6i2, 

27j'= 813j - 1212 + 361ij - 72j2 + 6i3, 
(5) 

HF = 1 (4j - 2i1?+ 4I3)DI -_ (4 I2 - 2i)E1, 

SE1= - J2SD1 

where S represents the sextic covariant of the corresponding biquadratic. 
The X-tangents D1(X) = 0 and the ,u-tangents D2(11) = 0 intersect in the sixteen 

foci of the cyclics; and from Cayley's theorem it is easy to show that these foci 
lie by fours on the four director circles. The director circles of f are givenl by 
Y= 0 (? 30), where Y is the Jacobian of U', F, G, H; the totality of cyclics, 
therefore, which have the same director circles as f, is the net 

(6) tIf + t2g + t3h= 0 . 

Included in this net is the system of cyclics confocal with f, 

(7) f-pg - p2h; 

through each point of the plane there pass in general two orthogonal cyclics of 
the confocal system, the exceptionlal points (for which the two fall together) 
lying on the eight minimal tangents :* 

g2 ?4fh= 0 or Dl(X)D2(H)= 0 

? 32. Contravaricints.-The defiiiition of polar and anti-polar circles given in 
? 30, may be extended so as to apply to a circle instead of to a point: the polar 
circle C, of a circle C, with respect to a cyclic f, is the locus of poinlts whose 
polar circles are orthogonal to C; the anti-polar circle C2 of C is the circle orthog- 
onal to the polar circles of all the points of C. For the normal form the co- 
ordinates of these circles are 

(1) C: iti q: 1/3,u, C2: /3/3,iJlmUiu 

from which it can be shown that the polar circle of the anti-polar circle (as also 
the anti-polar circle of the polar circle) coincides with the original circle. The 
invariants of (1) are 

1(CC) -Zu2 = -', I(CC1) =Z iU2 =_-T( 1(CC2) =E'LThjt2 =X 

(2) 
I Ce (1) = 32. t2 _ 0_'I _[( = 9 j 

*See (6;) Q 32. 
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Therefore 

'= 0 is the quadratic complex of degenerate circles; 
= 0 is the quadratic conmplex of circles orthogonal to their polar 

circles; 
- I =' 0 is the quadratic complex of circles whose polar circles are de- 

generate; 
X = 0 is the quadratic complex of circles orthogonal to their anti-polar 

circles. 
Finally Z, beilng the Jacobian of a-', X, f, %, represents the circles belong- 

ing to the linear system determined by their polars with respect to f, g, h; it 
consists of the circles orthogonal to the directors circles. 

The polar circles of all the points of the plane form the complex JX - K*P' ,O, 
while the anti-polar circles form o- Ic'= 0. 

Applying the first principle of ? 16, the intersections of C = rxp,, and 
f = a2a2 are given by 

L =a(fp)02 (p) (ap')a2r rf, 

Mi- 1ll-(fC2)20 = (ar) (ar')a 2 p p . 
Therefore, the complex of circles, which cut f in four points whose anharlotonic 
r atio on the circle is a, is given by * 

__i (1- a? a 2)3 iL l=l24- 
iL If= (1 + a)2(2 -a)2(1-2a)2 

In general the complex is therefore of the twelfth class; but for the equianhar- 
monic and harmonic cases, it reduces to 

iL = 
a jL = 0 

which are of the fouirth and of the sixth classes respectively; and for the coin- 
cident case the complex decomposes into [(4) ?16] 

DL= L- 6jL L 

The tangential complex J , expressed in terms of the fundamental contravari- 
ants, is t 
(4) = = 4(3o-f* - 02) (30X _ *2) _ (9-,'X - )2. 

The osculating circles belong to both the complexes iL = 0, jL = 0 . 

*In terms of the fundamental contravariants, this comeplx is (4F2 - 6I'2)3+A? A'2I, where 
A is a function of the anharmonic ratio a, and F is defined by (4). 

t SALMON-FIEDLER, Raumgewonetrie, 3d edition, vol. II, p. 345. 
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Each contravariant (? 16) yields a corresponding covariant-the locus of the 
vertices of the degenerate circles contained in the complex; thus, from p, , 
X, Z we obtain F, G, H, Y. Substituting these in (3), the corresponlding 
covariant is found to be 

3F2(G2 + 4FT); 

but it is evident that a degenerate circle, whose centre is not on F, can be tan- 
gent to F only when one of its minimal lines is tangent to F; so that 

(4) G2?+ 4FT =0 

represents the minimal tangents of F. These tangents are also given by 

(5) D,(X)D2(/U)= 0; 

in fact from the normal forms it can be shown that 

(6) g2+ 4fh= -4D1D2. 

? 33. Interpretations for the invariants. *-The application of formula (4) ? 24 
gives the following values of the (2, 2) transvectants: 

(ff)22 = - 21, (fg)22 = 3J, (fh)22 = 4K=, 

(1) (gg)22 = 12 - 4K, (gh)92 = 2 
, 

(h)22= J2 2 1K. 

From the conclusion of ? 24 we have then: 
If I = 0, the complex 4 contains an infinite number of quadruples mutually 

conijugate with respect to f, and conversely if p contains one such set (and there- 
fore an infinity), I 0; similarly J = 0, K = 0 are the necessary and suffi- 
cient conditions for 4 containing quadruples mutually conjugate with respect to 
g and h respectively. 

Other interpretations are obtained from the consideration of the covariailt 
quadrics in space. If I- 0, the complex J contains quadruples of mutually 
orthogonal circles. If J 0 , there exist self-polar point quadruples, i. e., sets of 
four points possessing the property that the polar circle of each passes through 
the other three; and X contains mutually orthogonal quadruples of circles. If 
K = 0, the polar circles of all the points of the cyclic are orthogonal to a fixed 
circle, which circle is one of the director circles; on this director circle there exist 
triples of points whose polar circles are mutually conjugate; and X degenerates 
into the linear complex (counted twice) of circles orthogonal to the special direc- 
tor circle. 

*See also Q 37. 
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? 34. Complete biiary system.-In ? 28 a system of foirms E, of the quadri- 
quadric 

f = A 11 

was obtained, in terms of which any invariant, conconmitant or equi-covariant 
can be rationally and integrally expressed; if we wish to consider also co- 
variants whose partial orders are unequal, we must add to this system the forms 
of ? 28 and the (1, 0) and (0, 1) transvectants, 

(1) p = (gh)o, P2 = (hf)o1, p = (fyg)o, 
7ri= (gh)10 J7 2 =(hf)10, 773 = (fg)10, 

where (? 13) 7r = 0 (P1 = 0) represents the loci of points whose polar X-lines 
(,u-lines) with respect to g and h coincide; and p1 = 0, 71 = 0 intersect in the 
18 points which have the same conjugates with respect to either f or g, etc. 
The completeness of the system thus obtained is proved by a combination of the 
results already obtained, and a comparison with PEANO'S system of in- and co- 
variants; for this comparison it is convenient to express the forms as transvec- 
tants. 

From (1) ?33 the invariants may be writteni 

I= - (ff)22, J= (fy)22, K=4(fh )2. 
The covariants are* 

f, y = (ff)11' h (fg)11 + T(ff)22 f, from (6) ? 30; 
7l= (gh)10, 7r2 (hf)10, 773 = (fg)1o 

p1 = (gh)01, P2 (hf)019 p3 = (f)01, from (1) 

i= 2 (ff )02' El (0g2) 81 = (D1El)lo E 

D2 - (ff)20 E2 ()20 82 ( 2)01 froii ? 31. 2 =2 20 2 2O 2=(2F-2ro1 

The contravariants (2) ? 32 are 

Wf (CC)nl, ?= (CC,),, #=( Cj4)i + I(OCC)11 
X (CC2)1, Z Jacobian (o-'+%); 

where 

C =(fC)11 02= (hC)11 + ?4 C, C(= rp, . 

The invariants and contravariants are conmplete by ? 32, and the completeness 
of the covariants is shown by their equivalence to PEANO'S covariants.t The 

*Y is omitted since it is expressible integrally through the other covariants. 
t PEANO, Giornale di Matematiche, vol. 20, p. 97, 1882; contravariants are not consid- 

ered. GORDAN, Mathematische Annalen , vol. 23, p. 388, 1889, gives a complete system 
of 38 invariants and covariants; but this is reducible to PEANO'S 18 forms and therefore also 
to the forms in the text. 



1900] OF THE INVERSION GROUP 489 

complete binary system consists then of the twenty-three forms: 

I, J, K; f, g, h; 

7r1 7 72 7 73 Pl, P2, P3 ; 

(4). 
D,, E,, S1, D2, E2, S2; 

?35. Equivalence and classifieation of the cyelics.-The character of the cyclic: 

(1) F=Ax , U' Px= 0 
or 
(2) f=a c2a2 O0 

depends essentially upon the determinant--: 

(3) D(p) = JAk + ppikI 
or, by (5) ? 29, 

(4) D(p) a. c aoi ao a11 + P 

o01 a02 all - p a12 

a10 11 - P cr20 21 

a11 + p a12 a21 a22 

Applying WEIERSTRASS'S theory of quadratic forms * we have: 
Two cyclices are equivalent t whent and only when their characteristic determinants 

have proportional elenmentar-y divisors. 
This condition nmay be decomposed into a qualitative anld quantitative: 1' 

similarity of the characteristic determinants, i. e., the elementary divisors of 
both characteristic determiiiants occur to the same degrees ; 20 equality of ab- 
solute invariants, i. e., the roots of the characteristic biquadratic 

(5) I)D(p) = p4 + Ip2 + Jp + K= (P - 11)(P - 132)(P - 138)(P - /4) 

of both characteristic determinants are proportional. 
If we call two cyclics of the same " species " when they satisfy the condition 

10, we have in all thirteen species; these, as defined by the symbol j of the char- 
* WEIERSTRASS, Berliner Monatsbericihte, 1868. 
t Since every cyclic can be transformed into itself by both proper and improper circular trans- 

formations (in general four of each kind), equivalence in the group G and equivalence in the 
group G' are (for cyclics) identical. Therefore the theorem above applies to both groups. 

t The notation is that introduced by WELTER in his classification of the quadratic line-com- 
plexes, Mathematische Annalen, vol. 7 ; Ib or [(11)11], for example, signifies that the 
characteristic determinant has two simple and one double factor, the latter also appearing as a 
simple factor in all the first minors. The case [(1111)] is omitted as trivial since it can occur 
only when f 0_ . 
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acteristic determinant, are given in the following table: 

a b c d 
I [1111] [(11)11] [(El)(11)] [(111)]] 

II [211] [(21)1] [2(11)] [(211)] 
(6) III [31] [(31)] 

IV [22] [(22)] 
Y [4] __ ______ 

In order to study the geometric peculiarities of the different species, it is 
sufficient to consider them in their normal forms. The quaternary normal forms 
for a pair of quadrics can be obtained by Weierstrass' methods.; * reducing the 
results to apolar form we obtain the quaternary normal forms of the cyclic as 
follows: 

I | U = 1 + 3 
+ 

4 + 4 

lF 'SIX + 2X2 + 83X2 + 84X2( p : ) 

' 12 + 8 2 223 4 z 
~ 

4 I F = + t2 X 2+i 

III t U' t2 + So 4 233 

F =31X2 + 32X2 - 2/33; + (2P3'+/Pl 3?2 O); 

r U' = 2+ X2-2 III ~~~~~1 4 X2X39 

l F = azz 2/3z + 2 - X2X3) + 2( 2x3) 

u 2x x -2x x 
tU -S,14 2 3 3 

F = 2 - 2 X2~; _ - 
2 (2/3 + 2/32 0); 

U =-2x I - 2x 2 

F = 2/31(x14 -2 3) + x2 + 2x1; (4p,=0). 

These are the normal forms for Ia, IIa, IIIa, IVa, Va, the remaining species 
being obtained from these by equating the proper /3's. 

Applying now the method of ? 29, we obtain the following nornmal forms of 
the thirteen species of quadri-quadrics: 

1(, k(X2y2 + X2t22) + l(X\2l2 + X2 2) + 4mX1X2,yt2; 

1b, (X\2H2 + X2t2H) - 4rnX12p2; 

Id, XX2 2 + X22 - 2X1X2FyL2; 

* Without the use of Weierstrass' general formuloe, corresponding normal forms are obtained in 
CLEBSCH-LINDEMANN, Geometrie, vol. II, p. 202 ff.; for conics compare GUNDELFINGER, 
Kegelschnitte, ,16. 
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hIa, k (X\2H2 + X2 H2) + X2H2 + 4mX1X2Fyn2; 

Itb, B12 2 - 2m(XIi, _2-2)2 

IIc, XB~21 + 4mX1Xj2)1/2; 

lId, X2 2 

IlIa, k(X\22 + X22L + 21X2 1H2) + 2X1/i1(X1p_1- - 

lIlt, 2Xy12(XI11 - 22); 

Iva, X2HF + 4mt1,XfL2 - X2 FL; 

IVb, -22 2) 

Va, XU + 2X1X2H1 

From these normal forms a large number of results may be derived, some of 
which are given in the following table: 

D(p) D1(2) D2(IJi) 

Ia [1111] 111111 111 } - 1111 0 general C22 

Ib [(11)11] 1211 } 22? 122} 2 01101 
Ic [(11)(11)] e22 122 } 22 4 C00 co0 CO,o0 
Id [(111)1] 311 iden.* iden.* 5 O1 

Ila [21_1] 211 } 211 } 211 i I nodal 22 
Itb [(21)1] 131 } 14 4} 3 C01 tangent Cl, 
Ile [2(11)] s22~ } 22~ } 22 3 0l1 C0 00, 
Ild [(211)] s 4 iden.* iden.* 6 1 

IIIa [31] 131 131 131 2 cuspidal C22 

Itlb [(31)] 4 4 }4 4 C0O Co intersecting on C0 
IVa [22] ,22 } 211i } 22} 2 012 020 

IVb [(22)] 4~ 14 iden.* 5 0 Ol Col 
Va [4] 4 131 } 4 3 C12 tangent C00 

The first column gives the species; the second, the symbol or " character " of 
the characteristic determinant; the next three, the characters of the biquadratics 
DI, 1D D2; the sixth, the degree of speciality, or the number of conditions 
necessary in order that a cyclic may belong to the corresponding species; and 
the last, a description of the form of the curve. For example, consider the 
species Ib or [(11)11]: the curve consists of two non-degenerate noni-tanlgent 
circles; the characteristic biquadratic D(p) has a double root; each of the dis- 
criminants has two double roots; and the species is doubly special. Some 
conclusions which can be drawn from this table will now be given. 

* This means that the corresponding biquadratic vanishes identically. 
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The species which represent a pair of circles (proper or degenerate) are Ib, 
Ic, Id, lIb, IIe, lIld , IIb, IVb; for these (andl for lno others), both D1 and 
D2 are perfect squares. Therefore 

The necessary and sufficient condition that f = 0 shalt represent a pair of 
circles, is that both dis-crminaiants shall be pe# feet sqTares. 
In terms of the fundamental concomitanlts the conditions may be expressed thus: 

3iE1 + (6j - 2i1)D1-= 0 

3iE, + (6j - 2i1)D2 0. 

In ? 31, it was shown that the three biquiadratics D(p), D1(X), Dj(ju), have 
equtal invariants i, j; it does not follow from this that they are equivaleut, but 
it does follow that if their " character " is the same (i. e., if the same equalities 
hold among their roots), they will be necessarily equivalent. The table then 
gives the following relations between D, D1, D12 :* 

If the cyclic is irreducible, all three biquadrics are equivalent; in all cases 
two of the three are equivalent. The necessary and sufficient condition for the 
equivalence of the discriminants D1, )D2 is the presence of a linear elementary 
divisor in the characteristic determinant of f. Translated into geometrical 
terms, this reads: except when the cyclic degener-ates into either a minimal line aitld 

(t C12 or C12, or iitto a double minimal line of one system and a pair of miniwal 
liines of the other- system-the two pencils of minimal tacngents are honmoYraphic. 

For the different species, the following relations exist amonig the invariants: 

Ia, 8+0; 

IIHa, Ib, 8=0 

IlIa , IIb, Id, i= O, j O; 

IVa, le, Ic, J= 0, 4K- 12 = 0; 

Vca, IlIb, IVb, III, I= 0, J= 0, K= 0. 

Therefore 8 - i3 6j2=0 is the conidition for a lnode (this may also be ob- 
tained from (2) ? 16, since for the cyclic there are no P, Q inlvariants); and 
i= 0, j = 0 are the conditions for a cusp.t 

* Cf. FROBENIUS, Crelle, vol. 106, pp. 125-188, 1890. The problem of finding the forms 
when the discriminants are assigned is there studied; geometrically, this is equivalent to finding 
the system of cyclics with assigned foci. 

t The explicit values of i, j have been calculated by CAYLEY, Two Invariants of the Quadro- 
quadric, 1893, Works, vol. XIII. Cf. Porism of the in- and circumscribed polygon, 1870, vol. VIII. 
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CHAPTER VI. 

DOUBLE TERNARY AND OTHER METHODS. 

? 36. Double ternitatry-method.-In ? 10 a minimal line of the planle, or a genl- 
erator of the fundamental quadric, was defined by a parameter X, or a binary 
set X1: X2; these co65rdinates will now be replaced by ternary homogeneoiis co- 
ordinates connected by a quadratic identity. One method of introducing these 
is to establish a (1, 1) correspondence between the pencil of lines considered 
and the points of a conic: the trilinear cobrdinates r1r2r3 of the points may 
then be taken as the coordinates of the corresponding lines. Againi, by the use 
of line co65rdinates, the r's may be defined as follows: let the equations, in line 
co6rdinates, of three fixed generators of the first system (or more generally of 
three fixed linear line-complexes, each of which includes all the generators of 
the second systemn) be 1' 0, 1" - 0 1"' - 0 ; the equation of any other gen- 

erator of the first system is then of the form 

(1) i1I' + 1- + r3... = 0 

these parameters ri may then be called the ternary co65rdinates of the line. The 
quadratic identity (obtained by expressing the fact tlhat (1) is a special liiiear- 
complex) is 

(l1')rl + (1"l")i 2 + (l"'l"')1.4 + 2(11")r1r,2 + 2(1"1")ry3 + 2(1"'.').. 0 

where (l'l"), for example, is the simultaineous inivariant of 1' ald 1". 

If we introduce ternary coi5rdinates for each pencil of minimal lines or gen- 
erators in either of these ways, a point may be definied by the six co6rdinates of 
the two minimnal lines passing through it, 

(2) 1i:l,22 113 'SI 82: 83 

connlected by two quadratic identities 

(3) R =0, S =0. 

The group G then consists of those linear transformiations of the r's anld 8's, 
which preserve the identities (3). See ? 10. 

A curve whose partial orders are 2in, 2na (so that the correspondingo biniary 
formn is a2"j'a2n) is represented in the present co6irdinates by an equation of the 
form: 

(4) f'(r1, 92, i'3; 1 9S21 83) = 0 
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From (3) the same curve is represented by 

(5) f'?31MR?NS= 0 

where M, N are any double ternary forms of orders (m - 2, n) and (m, n - 2), 
respectively; this lack of correspondence between the curves and the forms may 
be reinoved, as in ? 3, by the introduction of apolarity: 

Of the system of forms f' + JJIR + NS, one and only one, (f), is identically 
apolar to R and S. 

Combining this result with that obtained above for GU6 have: 
Thle inver sion theory of a curve Q2m, 2n is equivalent to the study of the forms: 

(6) f= bm!3_, R =p2, S= 2 

where f is identically apolar to R and S, and the ternary variables r, s undergo 
independent lineacr transformations. 

If r and s are considered as homogeneous point coordinates in distinct planes, 
R = 0 represents a conic in the first plane, S = 0 a conic in the second plane, 
and (4) a reciprocity of orders (m, n) between the two planes; i. e., to each 
point r of the first plane corresponds, by means of f' = 0, a curve K of order 
n in the second plane, and to each point s of the second plane, a curve K- of 
order nm in the first plane. Between the points of the two conics, the reciproc- 
ity f' = 0, establishes a (2m, 2n) correspondence as follows: to each point of 
the conic R corresponds, on the conic S, the 2n points cut out by the curve 
K, etc. The same correspondence being established by all the forms (4), the 
theorems above may be restated thus: 

Of all the r eciprocities (mn, n) which establish the same (2m, 2n) correspondence 
bet?een, the points of tw?o conies R, S, one and only one p)ossesses the property 
that all the curves K are apolar to S, and all the curves K apo1ar to R. 

Thle inversion geometry of a Q2m, 2n has for an equivalent the stuady of the X eci- 
procity (it, n) between two p)lanes, in connection with a conic in each plane-the 
reciprocity being ap)olar to each of the conics, and the planes undergoiny inde- 
pendent projective transforinations. 

? 37. Application to the cyclic.-The above method is limited to the case 
where the partial orders of the curve are even, so that the simplest application 
is to the cyclics. The forms (6) ? 36 are in this case 

(1) f ZbilrixS = b/3S R p , 
, 

q 

and no reduction to apolar form is necessary. The last theorem of the preced- 
ing article takes the form: 

The theory of a correlation between two platnes, with reference to two finmdaen- 
tal conies in those planes, gives a representation of the inversion geomietr-y of the eyelic. 



1900] OF THE INVERSION GROUP 495 

Let ui, v. denote line co6rdinates in the two planes, and Bi. the minor of bik 

in 1bikl ; then the correlation 

f= rb.rs = 0 fX Ebik is O 

may also be written in any of the forms: 

(2) it. = Zbk.rk, s= ZBkZuk , r= = 
k k k k 

and the two points of S, which correspond to a point r on R, are cut out by 
the line v given by the second of these representations. 

The correlation transforms R into another conic 5', and S into R', so that 
in each plane we have a pair of conics by whose aid the fundamental points of 
the (2, 2) correspondence are determined as follows: 

The "branch points " of R (i. e., the points for which the corresponding s points 
coincide) are L1L2L3L4, the intersections of R and P'; and similarly the branch 
points M1IJ2 L 3M4 of S are the intersections of S and S' . The " double points " 
of R (i. e., the points corresponding to the branch points of S), L'L'L3L, are 
the points of contact on R of the tangents common to R and R'; the double points 
of 5, MIM2MJ3IM, are obtained similarly from the tangents contmon to S andl 5'. 

The four sets af points thus obtained represent the biquadratics D1, D2, E1, E2 
of ? 31; and the above construction furnishes a simple synthetic proof of CAY- 
LEY'S theorem (? 31): the pair of conics 5', S being correlative to both R, B' 
and 5, 5', it follows that the pairs R, R' and 5, 5' are homographic, and 
therefore the hoiiologous sets of points L1L2L3L4, Ml 1112L3-174 (representing the 
discriminants D1D2) have equal anharmonic ratios on the conics R and S. 

The ternary forms of the concomitants of the cyclic are most conveniently 
obtained from a normal form of the system (1). The binary niormal form 

[C] ? 28, is 

(3) f k(lX2/k2 + X2/u22) + I(X2/k2 + X2,2) + 4mtX,X,a.-2. 
Putting 

x~12, rS2X1X>, rt=x2; S,=p1, s23 2 1 2 32, s 2 '; 

so that the identities are 

_.=1. r2 - 4 r'r' - 0 S '32 -48'5' 2 1 3 ? 2 13 

equation (3) becomes 

f= k(r's + r38s) + l(r'ls + r'8s) + mr'2s 

and substituting 

2ir= r1 + ir3 r ==r2X 2ir-=r1 ir3, etc., 
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we have the required ternary normal form: 

f b1lr1S 4- b2r282 + b343s38 

R=rl2+l+2r3, S 2 + S2 t+ S 
where 

(3) 2bi -k - 1, b 2 I 2b3= k - 1. 

From the concomitants of [C] given in ?? 28, 31, and the transformation 
formuLe above, the concomitants of [D] are found to be 

I= 2- b2 J 8bb2b3, K= Zb4 -2Ebi2b 

(or instead of K we may consider K' =12 - 4K = 16Zb bD; 

f = i2q8Zs g = Eb7,bleitsi. - _ Eb=(b2 b- 

D1 EbZ2,2, El= 4Eb2b2 2, SI (b2 _ b2) (b2 b2) (b2 - 

D Eb282 etc. 

The conics IR, R', S, S' are covariants of [D]; their concomitants are therefore 
also concomitants of [D], and expressible in terms of those just vritten. It is 
sufficient to consider one pair: 

(4) R= ,2 R=Zb2RU. 

The invarialnts of these conics are 

A 1, 0 =Eb2. 
of Eb9.b2, Al b2b2b3; 

and the covariants are 

1? R' _R" =b2hb225 1R"' (b2- b2#2_ b2 2 

The expressions in terms of the fundamental forms are then, 

(5) 0_ ill 0 ' = -j 'K AI, 61 J2 R' D1 -R" 41El R"' l 

From these relations we may obtain interpretations for the invariants of the 
cyclic of a different character from those given in ?33. 

If I = 0, then 0 = 0 from (5), i. e.. R' is harmonically circumscribed as to 
R1; combining this with the construction of the double points given above, 
and LINDEMANN'S interpretation of the Hessiall, we see that t 

I = 0 is the condition that the (louble points shall form the EHessian q?uadrul)1c 
of the branch points. 

*SALMON-FIEDLER, Kegelsclhnitte, Chapter 19. 
tLINDEMANN, Bulletin Soci6te' Math6matique de France, vol. 5, p. 119, 1876. 
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Similarly, since 0'= 0 if K'= 0, it follows that 
K' = 0 is the condition that the branch _points shall form the Hessian quadruple 

of the double p)oints. 
Finally A = 0 if J= 0, so that the conic R' degenerates into a pair of lines, 

and the conics R, R' have only two common tangents, and therefore 
If J' = 0, the four double points reduce to two; and the pairs of points onl 

R which correspond to the points of S, form ant involution of which the twvo doutble 
points are the foci. 

? 38. A series of extensions.-An important advance in the theory of binary 
forms is marked by the appearance in 1866 of HEssE's "C Uebertragunsprincip." * 
This principle, together with the notion of apolarity, has been the source of a 
series of methods whose best presentatioln in invariant form has probably been 
given by FRANZ MEYER in his book, Apolaritit und rationale Curven (1883). - 
The basis of these methods may be stated: the theory of binary forms, or point 
groups on a line, is (roughly) equivalent to the projective theory of surfaces (i. e., 
k - 1 dimensional manifolds) in a space P, of k dimensions, with reference to a 
fundamental rational curve N,, of the kth order to which the surfaces are all 
apolar. (The possession of an apolar X,1, of course in general specializes the 
surfaces considered.) 

The partial extension of this principle to double binary forms or the ilnversion 
geometry of curves, which was given in ? 36, may be generalized thus: 

Thle geometr'y of a CU,,, where m = hm', n _ kn', has for atnt equivalent the 
theory of aCn (in', n') reciprocity, 

(a1lr1 + a' 2r2 + . . + ah+lIh+l) (a1sl + a2s2 + '' + ak+1lS+1)n' = 0 

between two spaces, . P>, with reference to fundamental curves NX, N,; in those 
slpaces-the reciprocity being identically apolar to each of the curves. 

This principle gives as many methods of treating a Cmr n as there are divisors 
h, k of m , n . Two choices which are always possible are 1', h = 1, k = 1; 
20, h = , 7 = n. In 10 the spaces P,,, P,. are one-dimensional, and the curves 
N,,, X,. need not be considered, since they coincide with the spaces; the above 
principle reduces them to a statement of the double binary method, the equiv- 
alent of the geometry of a U,,, being the theory of the double binary form 

aXag . In 20, m' = 1, n' = 1, the reciprocity is bilinear, and the condition of 
apolarity is superfluous: the principle then gives as a representation of the geom- 

*Crelle, 1866. 
tAlso in four memoirs, Mathemnatiche Annalen, vol. 21, 1883, especially, Emt ne?tes 

Uebertragunsprincip filr binare Formen deren Ordnungszalhl ein nzicht prime ist. Cf. LINDEMANN, 
Ueber die Darstellung binarer Formen und ihrer Covarienten durch geometrislie Gebilde imo Raume, 
Mlatheniatische Annalen, vol. 23, pp. 111-142, 1884. 
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etry of a C , the projective theory of a linear reciprocity between spaces of 
dimensionalities h, k, with reference to fixed rational curves of orders h, k in 
those spaces. 

The characteristic feature of the methods obtainied in this chapter (including 
as a special case the double binary) is that they are concerned with two distinct 
spaces or with double forms, thus differing essentially from the quaternary 
method. The connections between the double binary and quaternary methods, 
which were considered in chapter IV, admit of generalization to double ternary 
and higher methods; and the same is true of most of the results in chapter I. 

COLUMBIA UNIVERSITY. 
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